Università di Pisa

Dipartimento di Informatica

Technical Report : TR-97-08

A hybrid approach to some stability problems for bivariate polynomials

Gemignani L.

May 02, 1997

ADDR: Corso Italia 40,56125 Pisa,Italy. TEL: +39-50-887111. FAX: +39-50-887226

Xyy2^=0ZZ D ZDD Z222fg fg 2niiiiTiiiips s n ps nn B us v s p s 1.In tro ducti on ZAh ybri d approac h to some stabilit y problems for bivari ate p olynomials Hs; k Q s k k ; s k s s ; Qs s i k kk ps H s; k BB k ps B UB U D D Hs; k kBk H s; k s ffik B k kk sig n ffi k B k Hs; k sig n ffi k ffik k Dipartimento di Informatic a, Universit„ a di Pisa CorsoItalia 40, 56125 Pisa, Italy. (6May 1997) LucaGemig nani Agreat deal of informa tions is a v aila ble in literature on metho ds for determining the stability of a univ ariate p olynom ial ( ) [ ] of degree (see [17 ] and the references given therein). F or instance, a lot of di¸eren t pro cedures for solving the classical Routh- Hurwitzproblem, that is the problem of ev aluating the n um b er of zeros of ( ) with positiv e, zero and negativ e real parts, had app eared. Most of them rely on the ev aluation ofthe inertia of an asso ciated Bezout matrix constructed starting from t w o polynom ial s ( ) and ( ) whose co e‹cien ts are determined b y those of ( ) [7 ]. Since this Frequen tly , in con trol system design, w e are ask ed to lo cate the ro ots of a biv ariat e polynom ial of the follo wing form () = ( ) [ ] = [ ][ ] = [ ] where( ) [ ] for eac h and, moreo v er, is a free parameter ranging in some realin terv al. F or a ˛xed v alue —of, the zero distributio n of the univ ariate p olyno mia l () = ( —)with resp ect to the imaginary axis can b e found b y determini ng the inertia ofa Bezout matrix = ( —)whose en tries are expressed in terms of the co e‹cien ts of (). This ev aluat ion is usually accompl ishe d b y comput ing a blo c k factorizat ion of , namely, = where is a blo c k diagonal matrix with lo w er triangula r blo c ks withresp ect to the an tidiag on al. It is in tended in this pap er to prop ose an e‹cien t h ybrid approach for determin ing the zero-dist rib utio n of ( ) with resp ect to the imaginar y axisfor an y v alue of . W e dev elop a fast fraction- free metho d for factoring the Bezout matrix( ) with en tries o v er determ ine d b y ( ) [ ]. In this w a y , w e easily computethe sequenc e ( ) of the trailing principal minors of ( ). F or almost an y value —ofthe asso ciated sign sequence ( ( —))sp eci˛es the inertia of ( —)and, therefore, the zero-distrib uti on of ( —).The function ( ( )) is ˛nally obtained by n umerica lly computin g rational appro xim ati ons of the real zeros of ( ) [ ]. Supporte d b y 40% funds of the Progetto Analisi n umerica e matema tic a comput azio nal e of MURST andb y G.N.I.M. of C.N.R..

X=022222ZZ D ZDD ZniiiiiTi2Luca Gemigna ni Bus v s BJB J J BJB J Hs; k Q s k k ; s k s s ; Qs s i k ka; b Hs; k kHs; k s B Hs; k k BH s; k JB J B ffik k LJB J L D ka; b ffi k computationis generally ill-conditioned, the prop osed metho ds either explicitly assume exactarithmetic or impl icitly do so b y not considering the e¸ects of rounding errors. Assho wn in [11 ], the inertia of is determined b y the co e‹cien ts of the quotien ts generatedb y some v ariation of Euclid’s algorithm applied to ( ) and to ( ). This meansthat, in a p olynomia l setting, our task can b e accomplished, with regard for co ef- ˛cient gro wth, b y means of subresultan t algorithm s for computing normal or abnormal polynom ial remainder sequence s [19 ]. Onthe other hand, di¸eren tly from these algorithms, one ma y treat the problem by using structured matrix computations. Computational ly e‹cien t algorithm s for the evaluation of the inertia of follo w from the fast metho ds for computing an in v erse bloc k triangular factorization of , where denotes the p erm utation matrix ha ving unitan tidiagonal en tries. In the view of a famous la w of Sylv ester [14 ] the matrices andha v e the same inertia. Fast triangular factorization pro cedures generally w ork on the quotien t ˛eld. Recen tly , many authors ha v e dev elop ed suitable v arian ts for factoring structured matrices with entries o v er in tegral domains without mo vi ng to the quotien t ˛elds [6 ], [10 ], [12 ] and [21 ]. Thecost of suc h algorithms dep end on the co e‹cien t gro wth whic h can b e k ept do wn b y sistematicallyremo ving factors kno wn to exist from the columns of the upp er triangular matrices.Althoughthe resulting metho ds are closely related to the subresultan t ones [6 ], [10 ] b y sharingin general the same cost estimates, they presen t sev eral computational adv an tages withresp ec t to the p olynomi al approac h. In fact, they uniforml y treat b oth normal andabnormal cases b y clearly demonstrating new and kno wn divisibili t y prop erties. Furthermore, they imm ediately p ermit the sym b olic solution of linear algebra problems inv olving matrices ha ving Hank el and T o eplitz structures . Inthis pap er w e are concerned with zero-lo cation problems for biv ariate p olynomi als. Speci˛cally , w e are in terested in the solution of the Routh-Hurwitz problem for biv ariate polynom ial s () = ( ) [ ] = [ ][ ] = [ ] where( ) [ ] for eac h and, moreo v er, is a free parameter ranging in some real interv al, sa y [ ]. Suc h a problem frequen tly arises in con trol theory where the stability of ( ) determines the stabilit y of the feedbac k system whic h in v olv es the freeparameter . This is the case, e.g., of ro ot-lo cus problems in classical con trol, of higherorder ro ot-lo cus problems of m ulti v aria ble con trol and of p ole-selection problems ofoptimal con trol [15 ]. Ourapproac h extends the matrix tec hniques for the univ ariate case. In particular, from () [ ] there follo ws that a Bezout matrix with en tries o v er can b e easily associated with ( ) in suc h a w a y that for almo st an y giv en v alue of the inertia of gives the zero-distribution of ( ) with resp ect to the imagina ry axis. The inertia ofand, therefore, of , can b e computed b y means of a form ul a in v olving the signs ofits principal minors ( ) whic h are p olynomia ls b elonging to [ ]. W e prop ose to ˛nd thesep olynomi al s b y determining a blo c k triangular factorization = whic h holdsfor almost an y [ ]. Then the sign of ( ) is sp eci˛ed b y ev aluating the real zerosof this p olynomi al n umerically . Itis the purp ose of this pap er to compute the ab o v e factorization b y the use of algo-

^`` 22 – 6^2 ``‚‚`‚‚D2.Preli mi nari es ZZ Z=0=0 =111 12 201 2 01 012 201 2 01 012 TT niiimiiinm i;jnn ni;ji;jij nnnnjAh ybrid approac h to some stabilit y problem s 3 XX X0BB@1CCA0BBB@1CCCA0BB@1CCA0BBB@1CCCALL D us s v s s n m n m us u s ; v s v s ; u ; v : nn B b u s v s ux v y u y v x xy bx y : Buu : : : u uuvv v : : : vv vvv : : : v vvuu u : : : uu u;vj > m B us v s BI n B ı B ; B ; ‹ B ı B B ‹B B AA Crithmswhic h k eep the gro wth of co e‹cien ts do wn to a reasonable size. This has b een successfullydone b y means of fraction-free Gaussian eliminati on metho ds [1 ]. Di¸eren tly , in[12 ] the author prop osed a recursiv e pro cedure whic h computes an in v erse triangular factorizationof a Bezout matrix with in teger en tries b y using certain scaled recurrence relationsamong the columns of . The resulting metho d ˛nds b oth and with a costwhic h is asymptotically at least an order of magni tude lo w er than an y kno wn al- ternative fraction-free metho d. This approac h is here generalized b y considering Bezout matriceso v er more general in tegral domains and, moreo v er, b y a v oiding an y assumption onthe co e‹cien ts of the p olynom ial s whic h de˛ne suc h matrices. Theremainder of this pap er is organized as follo ws. In Section 2 w e in tro duce some preliminary results ab out the computation of a blo c k triangular factorization of Bezout matricesand its use for ev aluating inertia. In Section 3 w e deriv e our fast fraction-free method for factoring Bezout matrices with en tries o v er . Section 4 pro vides a cost analysisof the algorithm . Section 5 giv es our h ybrid metho d for the computation of theinertia of Bezout matrices asso ciated with biv ariate p olynom ial s along with some examples.Finally , the last section includes a discussion of future researc h directions. Let( ) [ ] and ( ) [ ] b e t w o p olynomial of degree and , , respectiv ely , () = ( ) = = 0 ABezout matrix = ( ) asso ciated with ( ) and ( ) is de˛ned b y () ( ) ( ) ( ) =Thefollo wing matrix represe n tation of can easily b e pro v ed [14 ], ..........................................(2.1)wherew e set = 0 of . This decomp osition clearly sho ws that the en tries of arep olynomi als of degree 2 in the co e‹cien ts of ( ) and ( ). Theinertia of is de˛ned b y a triplet ( ) = ( ( ) ( ) ( )), where ( ), ( ), and( ) are, resp ectiv ely , the n um b ers of eigen v alues of with p ositiv e, negativ e, and zeroreal parts. Sylv ester’s la w of inertia [14 ] sa ys that t w o Hermitian matrices and hav e the same inertia whenev er they are congruen t b y means of a nonsingular matrix ,

`````+1+1 +111ii ii iii ii4Luca Gemigna ni Proposition 2.1. „« 0@1AX„« 0B@1CA0@1A„« ^6»^»» ` » » ` D^ ^2D –»» ` ```^»» Qrr r r 0r^r 0rr 0 rr rr r r 00ee^r 0012 01 2 1+1 112 1 0+1++ +1 +1=1+1+ +1 11101+1() 1HnLki ii i L L nL i ii ni iTninm k m k i nm m ‹ki;k m k i m nTnnTnmmiAC A C : JB J J nn uJ B J rr m< m < m < : : : < m n kk J B J J B J k m ii L ‹ m m i L ‹ n m nn D iag D ; : : : ; D ; D ‹‹ RR; ; : : : ; ; ; i > ; RJ B J R D : iuF ; k ‹ ; uF c ˛ : Fu s Fu Iuu;nn I JB J d ; i L; Let b e the inte gers such that the leading princip al submatrix of is nonsingular if and only if fora c ertain , . Set for , and . L et be the class of the blo ck diagonal matric es wher e is a lowertriangular (with r esp e ct to the antidiagonal) Hankel matrix. 1Ther e exists an upp er triangular matrix having unit diagonal entries, suchthat 2F or the ve ctors , , satisfy the fol lowing r e curr enc e r elations: Here denotes a sc ale d F r ob enius matrix asso ciate d with , ...where is the ˛rst c olumn of the identity matrix . thatis, = This observ ation suggests that the fast pro cedures for determining atriangular factorization of a Bezout matrix can also b e used for the e‹cien t ev aluation ofits inertia. Thefollo wing theorem summ arizes some results concerning an in v erse blo c k triangular factorizationof the matrix o v er the quotien t ˛eld . Here and hereafter denotes thep erm utation matrix ha ving unit an tidiagonal en tries. It is w orth of men tioning thatthe assumption = 0 ensures that is congruen t to a prop er Hank el matrix, thatis, to a Hank el matrix of rank suc h that its principal submatrix of order is nonsingular[8 ]. 0= () = 1= 1 = (0) =( ) = 1=1 for 1 =(2.2) 0= =1 1 (2.3) =+ (2.4) () =0+Theresult of 1) is classical and it follo ws from the theory of Hank el matrices asso ciated withsequences of formal orthogonal p olynomi al s [13 ]. Recurrence relations (2.3) and (2.4) hav e b een used b y the author as a mean for solving the gcd problem for p olynom ial s with integer co e‹cien ts [12 ]. From (2.2) there follo ws that () 1 = 12(2.5)

```0B@1CA0BBB@1CCCAX+11+1 +1+1 +1+1 +1+1+1ii iii iij ii ii iiii i i ii i i ii i i iiii i i ^r ^r wz w z rr rr rr rr r r gee g grr r r rr r r rr r r Ah ybrid approac h to some stabilit y problem s 5 `» » hi hi 6» » » » » » hi –hi ‚6hi h i `` hi h i hi h i hi `h i +11+1 +1+1+1++ +1+1 +1 ++ +1+1 ++ (+1) +() 1() 1() 2() 1() 2() () 1+1+1(+1) 1() 1+1=+1 +1+ + + mm ;mm;m i;jmi;k i Tmh m l ij i j i mh m l ii mh m l ilh ‹ iiii ii i ‹iim m m m TT nnTmm m m mm n m m in iii;k ‹k‹ h i;k m h m k m h m JB J bb;i L; JB J B b c˛ R;J B J n;; mm h ‹ l ‹ h; l ‹ ;lh < ‹ l h ‹ ;d Dddd dd : : : d ;d : ˛; ; F : FJ B J J B J F ; ;F F ; ; ;F u ; : ˛u dd:cc; ; F ; and() = ~...~1(2.6) wherew e set = ~=( ~).In general, the blo c k triangular factorization (2.2) is not uniquebut, ho w ev er, (2.6) sa ys that the v ectors are univ o cally sp eci˛ed. Thecomputation of the co e‹cien ts and of (2.4) can b e carried out b y means of certainorthogonalit y conditions among the columns of . Let us in tro duce the symmetric bilinearform =onthe space of real -v ectors. Relation (2.2) giv es =0 (2.7) for= and 1 , 1 . Moreo v er, for 1 , w e ha v e that =0 (2.8) whenever + + 1. Otherwise, if + + 1, then w e ˛nd that =(2.9) wherew e set =.........=0 Bycom bining the orthogonalit y prop erties (2.7), (2.8) and (2.9) with relation (2.4) w e obtainthat =In[12 ] it is sho wn that =(2.10) holdsfor a suitable v ector . Using this result, it can b e easily seen that =and,therefore, =Inthis w a y w e obtain that =(2.11) Analogously, w e ˛nd that the co e‹cien ts satisfy the follo wi ng equations: =(2.12)

1`ii ii iibc bc b c X8><>:8><>:n6Luca Gemigna ni »» ^ »» `````` fg »» 62+1+1 +1 +1+1 =1() 1() 1() 12() 122 =1DZ 3.F actoring Bezout matrices o v er in tegr al domains Zii i i;k i LiiL iiiiiiiiiiiii iii‹‹ = i‹= i‹= mmiiniii iinn ii i i h‹ ‹ ‹ ck ‹ In B I n D I n D ; ; n m : DıD ‹‹‹˛ ‹D ‹‹‹˛ ‹˛sig n d d D xx> x< ˛JB J Dd ; ˛sig n d sig n D sign J B J sign J B J ;‹JB J B sign J B J ; sign J B J J B J ffik J B J k ffik i n kJB J k u u k uu k v v k k with1 . Notice that these equations de˛ne a nonsingular triangular linearsystem in the unkno wns , 1 . Sylvester’s la w impl ies that () = ( ) = ( ) + (0 0 ) Thecomputation of the inertia of the lo w er triangular (with resp ect to the an tidiagonal) Hankel matrices can b e p erformed according to the follo wi ng Ioh vido v’s rule [16 ]: () = 2ifis ev en, +2ifis o dd, and() = 2ifis ev en, 2ifis o dd, where= ( ), is the en try on the an tidiagonal of and sign( ) = 1if 0 1if 0. Now, let us observ e that can b e ev aluated b y using the signs of the principal minors of. In fact w e ˛nd that det() = ( ) ( 1) and,hence, =( ) = ( 1) (det ( )) = ( 1) (det( ) ) (det( ) ) whenever is an o dd in teger. By com bining this result with Ioh vido v’s rule w e obtain thatthe inertia of , and, therefore, the inertia of , is completely sp eci˛ed b y the sequence(det( ) ) (2.13) wherew e set (det ( ) ) = 0 if ( ) is singular. Inthe next section w e will consider the problem of determining the leading principal minors( ) of a p erm uted Bezout matrix with en tries o v er = [ ] in an e‹cien t wa y . By computing the real zeros of ( ), 1 , n umerically , then w e ma y obtain thesequence (2.13) for an y v alue of . In the view of the ab o v e results, this giv es a descriptionof the inertia of for an y v alue of suc h that = ( ) = 0. Proposition 2.1 leads to a fast metho d for factoring Bezout matrices o v er a ˛eld. In thesequel of this pap er w e consider the problem of factoring Bezout matrices asso ciated withp olynomia ls whose co e‹cien ts b elong to an in tegral domain without mo ving to the quotient ˛eld. Sp eci˛cally , assume that = ( ) and = ( ) are p olynomi al s [ ],

^``0@1A0@1AiiiLLLL iii ii i222 D 2» » »» ` 2» » ` » » »» ` »» ` »» ^Ah ybrid approac h to some stabilit y problem s 7 0+1+111 +1+1+1+1 +1++1 +1++ +1 +1++1+ +1 12 1+1 1 1nn Tn n niim mi mnLmL mLmL m mj nimj m j i mj jnim j i nLi i ‹nZZ D DZZ ZDD—r ^r 0D—r r —r ^r 0—r ^ r —r D —r — r —r r —r — r — r Duu k u s ; v s k ; s k s s JB J B u s v s Bkk RB R D ; R; D k ; D : BbbB ; i L; bb; i L ; :m< n bmn b: j‹ i L F; j ‹ : ub ; j ‹ ; iL nn R R; ; : : : ; ; BRRD iag S ; : : : ; S ; S b D iag ; : : : ; u ; =( ) not iden tically zero. Th us, w e ha v e that ( ) ( ) [ ] = [ ][ ] = [ ]. Moreov er, the p erm uted Bezout matrix = ~associated with ( ) and ( ) has entries from . It’sclear that one mig h t use the results of the previous section in order to factorize ~ov er the quotien t ˛eld ( ) (rational functions in o v er ), namely , ~=( ) Thecost of the resulting algorithm dep ends on the co e‹cien t gro wth whic h can b e k ept down b y remo ving greatest comm on divisors. Ho w ev er, gcd computations are exp ensiv e andso they should b e a v oided. An alternativ e approac h whic h do es not require gcd computationsconsists of ˛nding an in v erse triangular factorization of ~ov er whereb y factorskno wn to exist are systematically remo v ed from the columns of the upp er triangu- larfactor. This can alw a ys b e done b y using fraction-free Gaussian elimi nation metho ds (Bareiss,(1968)). In the considered case, ho w ev er, it seems far b etter to use a sort of structuredfraction-free Gaussian eliminatio n based on recurrence s (2.3) and (2.4) suit- ablyscaled. In fact, this yields a metho d asymptoticall y at least an order faster than the previousones. Letus in tro duce the p olynomi als ~de˛nedb y ~=det ( ~)1 and~=1. Cramer’s rule applied to the linear systems (2.6) impl ies that the v ectors =~11 1 belong to . Here and hereafter w e consider =Moreov er, if , w e set =~1; otherwise,if = , then w e de˛ne =~Finally, the remaining v ectors , 1 1, 0 , are giv en b y =1 1 Thisimplies that =~11 (3.1) holdsfor 0 . Theupp er triangular matrix —,—=( ) de˛nesan in v erse triangular factorization of ~ov er . In fact, from —=( ) = ~(1)

``YXXX8Luca Gemigna ni ```` ` ``````````````^2D hi 2`bc `````»» hi ` h i »» ^ `2 2 —r — r D—r —r —r — r — r —r —r — r — r —r — r — r — r —c f D f D ii iiii iii i i i ii i i iiiiiiii iii i iii i i iiiiiiiiiiiiiii iii iii i +1+1+1+1+1 +1+1+1 +1 +1 +1 +1+1 +1 +1 +1+1+1+1+1+1+1 1+1+1 +1 +1+1 +1 +1 +1+1+1+1+1+11+1+1+1+1+1+1+1+1+1 +1 RB R D ; D D iag D ; : : : ; D ; : dD d; b u d ; dw b u d : bD ; bbDd ; L‹ = wb u b u b u ; bu u wF c u ˛w b u b:˛w b u bwb u bw ;bu u wF c u wb u bw :ccw u c ; k ‹ ; c; w ; F ; h‹ ‹ ‹ Tw ; T ; ; 1(+1) 1+1(+1) 1+121 (+1) 1(+1) 121 (+1) 1+1+1=1+1+1(+1) 1+1+1 12 1 +1121 +1=1+1+ 11+111+11121 +1=1+1+ +111+1+1+1+1 +1 =+1 +1+ + + +1+1 +1 TLn iiimm i‹niiii‹niiijjiiiLi‹ii ‹ii‹ni ‹n‹L i‹nji‹n‹L ‹ nm‹im‹ki;k ‹k nmk i‹ii‹nimi‹ii‹ni‹ii‹nii i‹n‹L ‹ nm‹im‹ki;k ‹k nmk ‹ii‹nii mi;k i;k ‹i‹k ni;k i ‹k‹ h i;k m h m k ‹imh m ii i ‹i‹‹ ‹ thereeasily follo ws that —~ — =—— =( —— 0)Theen try —,lo cated on the an tidiagonal of —,is suc h that —== ~and,therefore, —== ~Sincew e ha v e ~=det ( ) we ˛nd that ~~=det ( ) = ( 1) ( ) where= 2 . Multiplying eac h side of (2.4) b y ~=( ~)( 1) ~andthen using (3.1) w e arriv e at the follo wi ng recursions among the v ectors : (~)( 1) = =( + ) ~~Sincew e ha v e ~~=~~we can th us write (~)( 1) = =( + ) ~~(3.2)Quitedi¸eren t recurrence s come from using relations (2.5) instead of (2.6). Regardingat the computation of the co e‹cien ts — giv en b y —= 1 (3.3) we notice that in the view of (2.12) they satisfy the equations —= with1 . Suc h equations de˛ne a linear system =(3.4)

`````^`iiiiihh+1+1+111+1Proposition 3.1. »»» 2^^22»» fg `»`6`»» Thec o e‹cients , , de˛ne d by (3.3) b elong to . Ah ybrid approac h to some stabilit y problem s 9 D—r D DDAlgorithm Input:D Output:— r D—r e — r 0 —r — r —r — r —r —r — r i;ji;j ij h ii‹ni‹ii;k i ‹ii‹nii mnnn iiLiim Tmjhh h h hhh;i h m h jj +11(+1) 121 +1+1 +111+111 0 (1)111 11 1 1(1)1=011 0 0 1 0 1(1)101+1 +1 11+1+1+1 +1 (+1) 1+1+1 +1 +1 +1Tt t tt h td b u w ; Tw : ck ‹ wb u bw ;m‹ w d Bm m R Sm m B DdBin BJ B J b mm h b md B w i< m bjm : : : ; n ; sB : smj ‹ m m d w s ci ‹ b hh F: whoseco e‹cien t matrix = ( ) is a lo w er triangular T o eplitz matrix, that is, = and= 0 whenev er 0. It can b e easily sho wn that =~=which gets det( ) = Cramer’srule applied to the linear system (3.4) then yields the next result. —1 Taking in to accoun t this prop osition, w e conclude that ~~and,therefore, (3.2) needs computations on only . Belo w w e describ e a fast algorithm which p erforms these computations. In the initiali zation phase one should determine =and = —.This can b e done b y means of a direct insp ection of the matrix ~.In fact, w e observ e that the leading principal submatrix of —coincideswith and,therefore, the leading principal submatrix of ~hasthe same structure as—.Sp eci˛cally , it is a lo w er triangular Hank el matrix with resp ect to the an tidiagonal withthe an tidiagonal en try equal to . aBezout matrix . theen tries of the v ectors , 1 , whic h de˛ne an in v erse blo c k triangularfactorization of ~=o v er ; the sequence ~.Initialize= , = , = 0, = 1, = 1, ~=1. Determineand b y direct insp ection of the matrix ~.Th us w e ha v e , to o. Compute, 1 , as de˛ned b y (3.1). Then ˛nd b y means of (3.2) and(3.4). Its last nonzero en try giv es ~.For = + 1 1 do: 1ev aluate —= ~If— = 0 then go to 2; otherwise, go to 3; 2set = , = and —== — . Determine the co e‹cien ts —, 1 b y means of (3.4). Then compute and, therefore, ~by using (3.2). Set = + 1; 3compute =endfor

LLLLbc ```6` `22 `– fg fg –10Luca Gemignani TnnLLh L n L‹= L‹LL‹n‹miii () 12() 1121112 12 1 2 12 12 12 12 —r — r 4.The cost analysis DZ DDD CDDCsB : sd ‹ n m b B bdb bu :kak b k n n On n O m n n m m dd m dO m n n n ; n O m n n n ak b k O n n !mna! =b ! ak b k O mn n n O mn n n n n nn Evaluate —= ~If— = —=0, then set = and compute ~=det ( ~)b y ~=( 1) (—)~(~)Inthe next section w e will p erform the cost analysis of this algorithm. Theo v erall cost of the ab o v e algorithm clearly dep ends on that of the arithmetic op er- ationsin = [ ]. In particular, w e observ e that the n um b er of m ultipl icatio ns/divisi ons ateac h step is comparable with the n um b er of additions. Th us, in assessing the o v erall cost,w e can restrict our atten tion to coun t the n um b er of m ultipli cations/divi sions o v er ateac h step of our algorithm. Ifw e assume that the classical algorithm is used for m ulti pli cation of t w o p olynom ial s () and ( ) of degree less than and , resp ect iv ely , then its arithmetic costis b ounded b y ( ). This gets the b o olean cost of ( ( ) ) whenev er the inputp olynomia ls ha v e -bit in teger co e‹cien ts and, moreo v er, ( ) bit-op erations su‹ceto m ultipl y t w o in tegers mo dulo 2 . These estimates can b e reduced b y using fast methods based on FFT. T o b e sp eci˛c, one ma y ˛rstly ev aluate the co e‹cien ts of the product n umerically b y means of FFT o v er with bit, , precision computation. Then,rounding o¸ will giv e us the output with no error. Since computing FFT is a w ell- conditionedproblem and, moreo v er, n umerically stable algorithm s exist, it can b e sho wn that= ( + log ) su‹ces [4 ], where = max . This yields the upp er b ound of( ( + log ) log ) b o olean op erations for fast m ultipl ication in . Exactdivisions o v er are equiv alen t in a matrix setting to the solution of lo w er triangularT o eplitz linear systems. There easily follo ws that the co e‹cien ts of the quotien t of( ) and ( ) can b e also determined at the cost of ( ) arithmetic op erations. This bound can b e greatly impro v ed using a fast metho d based on ev aluation-in terp olation onthe F ourier set . Ho w ev er, some extra care should b e tak en with resp ect to them ultipl icatio n. In fact, an upp er b ound on the magnitude of the co e‹cien ts of the quotient no w in v olv es the en tries of the in v erse of a lo w er triangular T o eplitz matrix. Inthe w orst case this means -bit in teger co e‹cien ts in the result. Simil ar problems arisein the ev aluation-in terp olati on sc heme where w e measure the absolute error of the IDFTcomputation in terms of the norm of the v ector with en tries ( ) ( ). In this wa y , w e ˛nd that the exact computation of the co e‹cien ts of the quotien t generated by the division of ( ) and ( ) can b e p erformed at the cost of ( ( ) ) or (( + log ) log ) b o olean op erations. Ofcourse, these comparisons do not tak e in to accoun t the constan ts of prop ortionalit y ofeac h metho d. In practice, w e recall that fast metho ds for p olynomi al m ulti plicati on o v er areb etter than the classical one appro xim ately when + 600 [20 ]. F urther, the implem en tation of these fast metho ds for p olynomi al m ultipl icatio n and division requires someb ound on the co e‹cien ts of the p olynomial s in v olv ed. An apriori analysis clearly leadsto unsatisfactory b ounds exp ecially for what concerns the division op eration o v er

Xhhh+1+1`` ` fg DD—r —r ff—r — r —r Ah ybrid approac h to some stabilit y problems 11 mh jh h h hh h h;i hh ‹hhh h hjj hh;i hhh h hh mhh h hhh ii ii+1+1+1+1+1+1 +1+12+1+1+122 +13+122 +13+12+12+1+1+1 +1 2+1+1+1 42 52 52 us v s K BK jKm Km K j m K m j sw K m m cTKm m T w Km m ‹ TO n‹ BB F On O‹ cOn‹ K m ‹ K m Om ‹ K Om O K m ‹ Om K ‹ k m ‹‹ On K ‹n‹n; On K On K .In practice, it is far b etter to carry out the divisions in ˛nite precision arithmetic and, thenmak e use of the results in order to b ound the magnitude of the desired co e‹cien ts. Below, w e sho w that the arithmetic cost of suc h auxiliary computations is negligible. Inthe sequel of this section w e deriv e asymptotic estimates for the arithmetic cost ofour algorithm under the assumption that classical metho ds are used for p erforming thearithmetic in . In addition, supp ose that the co e‹cien ts of the starting p olynomi- als( ) and ( ) are p olynomial s of degree less than with in teger co e‹cien ts. The matrixform ul a (2.1) sa ys that the en tries of ~hav e degree less than 2 . Concerning thep olynomial s in v olv ed at the -th step of our algorithm, w e easily ˛nd that the en- triesof ha v e degree b ounded b y 2 . There follo ws that the degree of the entries of is less than 2 + ( 1) = ( + 1) and, therefore, the degreeof — = is b ounded b y (3 + + 1). Finally , to assess the degree of theco e‹cien ts — , notice that they are the solution of the linear system (3.4) where both the co e‹cien t matrix and the kno wn v ector ha v e en tries of degree less than (2+ 2 + 1). The determinan t of will cancel with and so w e ˛nd the upper b ound (2 + 2 + 1) . Theev aluation of the en tries of and can b e carried out using only ( ) multi pli cations. In fact, from (2.10) w e obtain that ~=~canb e . computed at thecost of ( ) m ultipl icatio ns of p olynomi als of degree b ounded b y that of the en tries ofthe result. A forw ard substitution algorithm yields the solution of the lo w er triangular linearsystem (3.4) at the cost of ( ) m ultipl ications of p olynom ial s. The cost of ˛ndingthe co e‹cien ts — is so b ounded b y (+ ) arithmeticop erations. F urthermore, () arithmeticop erations also su‹ce for computing the co e‹cien ts of . Notice that we p erform ( ) divisions of p olynom ial s of degree less than ( ) and, therefore,((log + log )) arithmeticop erations su‹ce to b ound the magnitude of the co e‹cien ts of the results. To estimate the total cost of our algorithm , t w o cases are tak en in to consideration. Firstly, w e assume that = max = 1; this case is generally referred as to the normal casein the literature. Then, the o v erall cost results to b e b ounded b y ( ) arithmetic operations. Clearly , this upp er b ound generalizes to the case where is b ounded b y a constant indep enden t of , to o. Secondly , consider the case when the step size is not bounded. Since w e ha v e =oneeasily obtains that the o v erall cost is no w b ounded b y ( ) arithmetic op erations. For comparison, fraction-free metho ds based on Bareiss tec hniques require ( ) arithmeticop erations ev en if w e consider the normal case [1 ]. Inorder to pro vide some insigh t ab out the b o olean cost, one ma y supp ose that the lenght of the co e‹cien ts of an exact quotien t of p olynomial s do es not exceed the maxi- mum of the length of the co e‹cien ts of the dividend [5 ]. It is further assumed that the

^Thii12Luca Gemignani +1+1+1 +1+1+1 =1=1 =1mhh i;k hh iLiiLiiniiinn imi i i jmini2fg f g »» 2f 2 6 g fg fg 2!f g ! f g ! fg 2»» 2 f g 6 fg 2—r f5.A h ybrid metho d for the inerti a computatio n DZ ZInput:D Output:Om m c K ; Bc TcOm ‹ m c K : ‹O n Bk k k a; b b; ‹ : bi L kB kk I k a; b u k ‹k B k k ‹bkk BıI ; ; : : : ; n I ; ; : : : ; n ‹ I ;; : : : ; n ı k ; k ; ‹ k B kk I Bm ffik b i L j ; : : : ; n j m m ffik ffik a; b ffik B I Bk a; b lenght of the co e‹cien ts of a sum or di¸erence of p olynomia ls is upp er b ounded b y the maxim um lengh t of the co e‹cien ts of the summ ands, and that the lengh t of the co ef- ˛cients of a pro duct is less than the sum of the maxi m um lengh ts of the co e‹cien ts of thefactors. Using Hadamard’s inequalit y , w e see that the en tries of ha v e in teger coe‹cien ts whose lengh t is b ounded b y ((log + log + log )) wherethe input p olynomi al s of ~hav e in teger co e‹cien ts b ounded in magnitude b y . Thesame b ound holds for the co e‹cien ts of the en tries of and . The in teger co e‹cien ts ofare then seen to b e b ounded in lengh t b y ((log + log + log )) We conclude that the co e‹cien t gro wth is usually almo st linear. Ho w ev er, in certain pathologicalcases where = ( ), a quadratic gro wth can b e exp ected. Inthis section w e describ e a t w o-stage pro cedure for determining the inertia of a Bezout matrixwith en tries o v er = [ ] where ranges in some real in terv al, sa y [ ]. Inthe ˛rst phase w e apply the algorithm stated in Section 3 in order to ˛nd the t w o sequences~Allthe computations are p erformed o v er with no error and this part represen ts the symb oli c step of our pro cedure. Inthe second stage w e n umerically ˛nd rational appro ximatio ns to the real zeros of thep olynomi al s ~,1 . By direct insp ection, w e are able to ev aluate the sequence (2.13)for an y di¸eren t real v alue of . Th us w e ma y determine the inertia of ~foran y di¸erent v alue of suc h that = [ ] : ( ) = 0 . Notice that the sequence( —), whic h is to b e used to ˛nd the inertia of ~atthe p oin t = —,do es notgenerally coincide with the sequence computed at the previous step. Ho w ev er, theformer sequence can b e imm ediately retriev ed from that of the signs of ~evaluated at= —.Thecore of the resulting computational sc heme pro ceeds as follo ws. aBezout matrix . thefunctions : 0 1 , : 0 1 and : 01 , suc h that the triplet ( ( —)( —)( —))de˛nes the inertia of ~atthe p oin t =—.1Apply the algorithm of Section 3 to ~andso ˛nd the in teger n um b ers and the polinomi als ( ) = ~for1 . If 1 and = for an y , thenset ( ) = 0. 2Compute n umerical (rational) appro xima tions of the real zeros of the p olynom ial s () and denote b y ´ the set of suc h zeros lying in the in terv al [ ]. Ev aluate the sequence( ) of (2.13), and hence the inertia of ~,at eac h p oin t of ´ . Inthis w a y , reconstruc t the desired functions. Inorder to giv e a complete description of the inertia of for an y v alue of [ ], inmi ^```` `` `»f ` g 6`» »» ^`0B@1CA8>>>>><>>>>>:22223 34 2 2212 234445 6 412 111122234 2 12 434 Ah ybrid approac h to some stabilit y problems 13 Mathe-maticaNSolve Example1. Nsolve Example2. Bu k a; b OK n ffik K m Kn nO n OK n BBus s k s ; v s s k s ; ;JB J kk k kk k kk k kk :ffik ; ffi k k ; ffi k k ; ffi k k k k : ffik x: ; x : : k< x ; ; ; I n B ;; B kIn B ;; k < x ;; k x ;; x < k < ;; < k < x ;; k x ;; x k : kJ B J In B ; ; kBus s k s ; v s s k s : ffik ; ffi k k ; ffi k ; ffi k ; thispro cedure can b e complem en ted with the computation of the inertia of the matrix evaluated at the rational appro ximatio ns of the zeros of ( ) lying in [ ]. This can be done b y in v oking a suitable mo di˛cation of the algorithm stated at the end of Section 3at the o v erall cost of ( ) arithmetic op erations. Asw e kno w b y the previous section, the degree of ( ) is upp er b ounded b y andtherefore ´ has surely less than elemen ts. Moreo v er, b y assuming that the computationof the ro ots of an -degree p olynomia l can b e carried out using only ( ) arithmeticop erations, then w e ˛nd that step 2 has the cost of ( ) arithmetic operations. Therefore, under these assumptions, w e ma y conclude that the o v erall cost isdominated b y that of the sym b olic factorization of ~.Ourh ybrid metho d has b een impl emen ted b y using the routines pro vided b y forn umerical and algebraic manipul atio ns. In particular, at the second phase w e hav e used the function for the n umerical solution of the p olynomi al equations. Thefollo wing three simple examples illustrate our approac h. Letus consider the 4 4 Bezout matrix asso ciated with the p olynom ial s () = 3 + 4 + 4 ( ) = 1 + 2 + 2 wherek is a free parameter ranging in the in terv al [ 2 2]. W e ˛nd that =08 8 4 816 8 + 4 4 88 + 4 4 6 44 6 6 Thus w e ha v e that () = 0 ( ) = 64 ( ) = 256 ( ) = 1280 + 1536 + 2304 yieldsthe follo wi ng appro xima tions of the nonzero ro ots of ( ) = 0, =1 14983 = 0 483163 For 2 , the sequence (2.13) is giv en b y 0 1 +1 +1 whic h leads to ( ) = (22 0). Analogously , w e arriv e at the follo wi ng table whic h describ es the inertia of when= 0. () = (22 0) if 2 , (12 1) if = , (13 0) if 0, (13 0) if 0 , (12 1) if = , (22 0) if 2 If= 0, reduces to a nonprop er matrix. Applying the algorithm of Section 3, suitablymo di˛ed for dealing with the scalar case, w e ˛nd that ( ) = (1 2 1) for =0. Considerthe 4 4 Bezout matrix asso ciated with the p olynomi al s () = 4 + 4 ( ) = 6 + 6 Theprogram no w returns () = 0 ( ) = 576 ( ) = 0 ( ) = 0

22nn ^`` 2```` ``222 22 412 1 2 97 Example3. Nsolve 14Luca Gemignani Z6.Conclusions and further extension s DREFERENCESus v s Bas a s ps a is i AiB B ps p s a s h s sg s sgs h s as k s k s k ; ka s k< x : k > x : k x ; x as BBB BDB1E. Bareiss, Math.Comp., (1968), pp. 565-578. 2D. Bini, , Nu- mericalAlgorithms (to app ear). Sylvester’s iden tit y and m ultistep in teger-preservi ng Gaussian elimin atio n, Numericalcomputation of p olynomia l zeros b y means of Ab erth’s metho d accordingto the fact that ( ) and ( ) ha v e a greatest comm on divisor of degree 2. The problemof computing gcd of p olynomi als from the in v erse triangular factorization of the associated Bezout matrix has b een already faced in the scalar case ( ) in [12 ]. Thedev elopmen t of e‹cien t metho ds for the m ultiv ariate case is under in v estigation. Let( ) b e a real p olynomi al . It can b e easily seen that the zeros of ( ) belong to the left complex half-plane if and only if the zeros of ( ) = ( ), = 1, completelyb elong to the upp er complex half-plane. A classical result whic h go es bac k to Hermite[7] sa ys that this happ ens if and only if = ~isp ositiv e de˛nite, where ~heredenotesthe Bezout matrix asso ciated with ( ) and — ( ). W riting ( ) = ( ) + ( ), aftersome straigh tforw ard calculations w e obtain that this condition is equiv alen t to ensurethat the Bezout matrix asso ciated with ( ) and ( ) is p ositiv e de˛nite. Basedon this result, w e ha v e considered the Routh-Hurwitz problem for the p olynomi al () = ( + 1) + ( 1) + whereis a real parameter. W e ˛nd that all the ro ots of ( ) = 0 b elong to the left half-planewhen = 0 0568731 or = 0 279095 . F or = , returnssolutions of ( ) = 0 with real parts b et w een 10 and 10 . Inthis pap er w e ha v e dev elop ed an e‹cien t recursiv e pro cedure for computing an in- verse triangular factorization of a Bezout matrix with en tries o v er an in tegral domain withoutmo vi ng to the quotien t ˛eld. W e can th us determine the sequence of the trail- ingprincipal minors of that completely sp eci˛es the inertia of . Suc h computation is importan t in most of the basic algorithms for zero-lo cation problems of p olynomia ls. A hybrid metho d for computing the inertia of Bezout matrices whose en tries are univ ari- atep olynomi al has b een also discussed. There are ho w ev er sev eral computational issues, concerningb oth the sym b olic that the n umerical manipulati ons, that should b e further inv estigated. An extension of the fast algorithms of [3] and [12 ] to Bezout matrices o v er integral domains, rather than ˛elds, seems to b e p ossible. In this w a y , one ma y determine atriangular factorization of using w ell-kno wn fast fraction-free metho ds for Gaussian elimination applied to suitable generators only . Replacing inner pro ducts and v ector op- erationsb y matrix ones should pro duce a sp eed-up of the resulting algorithm. Moreo v er, thisapproac h mak es feasible to compute the blo c k diagonal matrix indep enden tly of thetriangular factors with a great sa v e in cost. Suc h an observ ation has b een already usedfor the inertia computation o v er ˛elds [9] and for the Cauc h y index computation of polynom ial s with in teger co e‹cien ts [18 ]. Finally , regarding at the n umerical computa- tionof the zeros of the trailing principal minors of , w e notice that these p olynom ial s hav e usually long co e‹cien ts. Therefore, in v estigations of the use of m ulti precision ‚oat- ingp oin t pac k ages for the p olynomial ro ot computation, suc h as that dev elop ed b y Bini [2] under the Europ ean Comm unit y Pro ject F risco for the design and the analysis of multi v ari ate p olynom ial systems solv ers, w ould also b e in teresting.

aa2418102428182495053813Ah ybrid approac h to some stabilit y problems 15 Fast parallel computation of p olynomi al remainder sequences via Bezoutand Hank el matrices Polynomi al and matrix computations, v olume 1: F undamen tal algorithms, OnEuclid’s algorith m and the computation of p olynomi al greatest common divisors Po w er series remainder sequences and P ad « e fractions o v er an in te- graldomain Onalgebraic equations whose ro ots lie in a circle or in a half plane, Theoryof matrices Computingthe inertia of Bezout and Hank el matrices SolvingHank el systems o v er the in tegers Computationall y e‹cien t applicati ons of the Euclidean algorithm to zero location GCDof p olynomi al s and Bezout matrices Onthe partial realizati on problem Algebraicmetho ds for T o eplitz-like matrices and op erators, Anapplicati on of the path-follo wi ng metho d to ro ot-lo cus problemsHankel and T o eplitz Matrices and F orms GeneralizedBezoutians and families of e‹cien t zero- location pro cedures Cauch y index computation Generalizedp olynomi al remainder sequences Practicalfast p olynomi al m ultipl i catio n GCDof p olynomial s and Hank el matrices 3D. Bini, L. Gemignani , ,SIAM J. Comput., (1995), pp. 63-77. 4D. Bini, V. P an, Birkh-aus er, Boston, MA, 1994. 5W. S. Bro wn, ,J. A CM, (1971), pp. 478-504. 6S. Caba y , P . Kosso wski, ,J. Sym b olic Computation, (1990), pp. 139-163. 7M. F ujiw ara, Math. Z., (1969),pp. 161-169. 8F . R. Gan tmakher, , Chelsea Publish in g Co., 1959. 9L. Gemignani, , CALCOLO, (1991),pp. 267-274. 10L. Gemignani , , J. Sym b oli c Computation, (1994),pp. 573-584. 11L. Gemignani , ,Linear Algebra Appl., (1996), pp. 79-91. 12L. Gemignani, , TR 97-03, Computer Science Dep.,Univ ersit y of Pisa. T o app ear on the pro ceedin gs of ISSA C97. 13W. B. Gragg, A. Lindqui st, , Linear Algebra Appl., (1983),pp. 277-319. 14G. Heinig, K. Rost, Birkh - user, Boston,MA, (1984). 15J. G. Hsieh, J. P . Su, C. C. Hsieh, ,Con trol Theory and Adv anced T ec hnology , (1989), pp. 323-343. 16I. S. Ioh vido v, , Birkh - user, Boston, MA, (1984). 17H. Lev-Ari, Y. Bistritz, T. Kailath, ,IEEE T ransactions on CIrcuits and Systems, (1991), pp. 170-186. 18T. Lic kteig, M. F. Ro y , , to app ear on CALCOLO. 19R. Lo os, , Computer algebra sym b olic and algebraic computations, B. Buc h b erger, G . E. Collins, R. Lo os eds., Springer (1982), pp. 115-137.20R. T. Mo enc k, , in Pro c. SYM-SA C’76, ed. R. D. Jenks,A CM Press (1976), pp. 166-176. 21J. R. Sendra, J. Llo v et, , J. Sym b olic Computation, (1992),pp. 25-39.