Universit à di Pisa

Dipartimento di Informatica

Technical Report : TR-99-12

From Partial Differential Equations to

generalized Lo cally To epliz sequences

S. Serra-Capizzano, P. Til li

April 20, 1999

ADDR¬ C≀∇∫≀ I⊔⊣↕⟩⊣ △′⇔▽∞̸∈▽ P⟩∫⊣⇔I⊔⊣↕†↙ TEL¬ ⇓∋∃↖▽′↖∀∀∞∞∞↙ FAX¬ ⇓∋∃↖▽′↖∀∀∈∈

From Partial Differential Equations to generalized Locally Toeplitz sequences

S. Serra Capizzano Dipartimento di Energetica \S. Stecco",

Via Lombroso 6/17, 50134 Firenze, Italy. Serra@mail.dm.unipi.it

P. Tilli Scuola Normale Superiore, Piazza Cavalieri 7, 56100 Pisa, Italy. Tilli@Cibs.sns.it

April 20, 1999

Abstract Starting from the Finite Difference discretization of an elliptic second order PDE as � ∑_d i,j=1^∂∂xi ( ai,j (x)^∂_{∂xj} u(x) ) = b(x), we introduce the notion of generalized locally Toeplitz sequence of matrices. The singular value distribution (the eigenvalue distribution in the Hermitian case) is studied and characterized for generalized locally Toeplitz sequences in terms of weighted multidimensional Szegő formulas which extend preceding results due to the second author and concerning the unilevel case. The application of this theoretic analysis to the numerical solution of elliptic PDEs is finally discussed.

1 Prelude

Let f be a d variate complex-valued integrable function, defined over the ipercube Q^d, with Q = (−π, π) and d ≥ 1. From the Fourier coefficients of f

f_j = 1 m{Q^d} ∫ Q^d f(s)e^{−^}i^{(j,s)} ds, î^2 = −1, j = (j_1, . . . , j_d) ∈ Z^d (1) with (j, s) = ∑_d k=1 j_ks_k, n = (n_1, . . ., n_d) and N (n) = n_1 · · · n_d, one can build the sequence of Toeplitz matrices {T_n(f)}, where T_n(f) ={f_{j−i}}^n_{i,j=eT}

∈ C^{N (n)×N (n)}, e^T = (1, . . . , 1) ∈ N^d is said to be the Toeplitz matrix of order n generated by f (see [24]). Furthermore, throughout the paper when we write n → ∞ with n = (n_1, . . . , n_d) being a multi-index, we mean that min_{1≤j≤d} n_j → ∞. The asymptotic distribution of eigen and singular values of a sequence of Toeplitz matrices has been widely analyzed in the literature, and has been completely characterized in terms of the generating function f (see, for example, [24] and the references there reported). The key-stone of this theory, from which many extensions and other results stemmed, is a celebrated theorem [5, 26] of Szegő, which we state here in the d dimensional version due to Tyrtyshnikov:

Theorem 1.1 (Szegő, [25]) Suppose f is real-valued and integrable over Q^d, and let {T_n(f)} be the sequence of Hermitian Toeplitz matrices generated by f; then for any function F , continuous with bounded support, it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F ( λ_j ( T_n(f) )) = 1 m{Q^d} ∫ Q^d F ( f(s) ) ds, (2)

where λ_j ( T_n(f) ) , j = 1, . . ., N (n), are the eigenvalues of T_n(f).

This basic result has been generalized to the case where f is Hermitian matrix-valued (see, for example, [19, 21, 22]) so that the matrices T_n(f) have Hermitian multilevel block Toeplitz structure.

If f is not real but complex-valued, T_n(f) is not necessarily Hermitian: as a consequence, the distribution of eigenvalues is less regular and (2) cannot be extended in the natural way (see [19] for a discussion on possible extensions). In the complex-valued case, however, an analog of Theorem 1.1 exists concerning singular values instead of eigenvalues; following Tyrtyshnikov (who extended previous results due to Avram and Parter [1, 9]), it can be stated as follows

Theorem 1.2 (Tyrtyshnikov, [24, 25]) If f is complex-valued and integrable over Q^d, then the singular values of {T_n(f)} are distributed as |f(s)|, that is, for any continuous function F with bounded support it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F ( σ_j ( T_n(f) )) = 1 m{Q^d} ∫ Q^d F ( |f(s)| ) ds, (3)

where σ_j ( T_n(f) ) , j = 1, . . . , N (n) are the singular values of T_n(f).

This result has recently been extended by the second author [19] to the case where f is matrix-valued (also non-square values are allowed); in that case, integrand in (3) is a summation involving F and the singular values of the matrix f(x).

Now we introduce the notion of (unilevel) locally Toeplitz matrix-sequences that lead to a generalization of (unilevel) Toeplitz sequences.

Definition 1.1 Consider two matrices A ∈ C^{n×n} and B ∈ C^{m×m}. The direct sum S = A ⊕ B ∈ C^{(n+m)×(n+m)} is defined as [ A O O B ] . The tensor product P = A ⊗ B ∈ C^{nm×nm} is defined as the n × n block matrix with m × m blocks, whose block (i, j), i, j = 1, . . . , m is given by a_{i,j}B.

Definition 1.2 [20] A sequence of matrices {A_n}, where A_n ∈ C^{n×n}, is said to be Locally Toeplitz with respect to a pair of functions (a, f), with a : [0, 1] → C and f : Q → C, if f is Lebesgue-integrable and, for all sufficient large m ∈ N, there exists n_m ∈ N such that the following splittings hold A_n = LT^m_n (a, f) + R_{n,m} + N_{n,m} ∀n > n_m (4) with rank(R_{n,m}) ≤ c(m), ||N_{n,m}||_F ≤ ω(m) √ n, (5) where c(m) and ω(m) are functions of m with lim_{m→∞} ω(m) = 0 and with LT^m_n (a, f) = D_{m,a} ⊗ T_{⌊n/m⌋}(f) ⊕ O_{nmodm}, where, as usual, ⌊n/m⌋ is the integer part of n/m and n mod m = n − m⌊n/m⌋ (it is understood that the zero block O_{nmodm} is not present if n is a multiple of m). Moreover D_{m,a} is the m × m diagonal matrix whose entries are given by a(j/m)), j = 1, . . ., m, T_k(f) denotes the Toeplitz matrix of order k generated by f and O_q is the null matrix of order q. In this case we write in short {A_n} ∼_{LT} (a, f).

For this class of matrix sequences the second author obtained a Szegő-like formula for singular values, namely

Theorem 1.3 (Tilli, [20]) Assume that {A_n} is a sequence of n × n complex matrices. Let f ∈ L^1(Q) and a be piecewise continuous over Ω_1 = [0, 1]. Then for any continuous function F with bounded support lim_{n→∞} 1 n n∑ j=1 F [σ_j(A_n)] = 1 m{Ω_1 × Q} ∫ Ω1×Q F ( |a (x) f(s)| ) dx ds (6)

holds whenever {A_n} is locally Toeplitz with respect to the pair (a, f).

A Szegő-like formula for eigenvalues is obtained if {A_n} is Hermitian and locally Toeplitz with respect to (a, f). In that case, as shown in [20], the product a(x)f(s) has to be real almost everywhere.

Theorem 1.4 (Tilli, [20]) Assume that {A_n} is a sequence of n × n complex matrices. Let f ∈ L^1(Q) and a be piecewise continuous over Ω_1 = [0, 1]. If {A_n} is Hermitian and locally Toeplitz with respect to (a, f), then for any continuous function F with bounded support it holds lim_{n→∞} 1 n n∑ j=1 F [λ_j(A_n)] = 1 m{Ω_1 × Q} ∫ Ω1×Q F [a(x)f(s)] dx ds. (7) 2 Introduction

Let A(x) = (a_{i,j}(x))^d_{i,j=1} be a d × d matrix of continuous functions defined over the ipercube Ω_d = [0, 1]^d and let us consider the differential problem − ∑_d i,j=1 ∂ ∂x_i ( a_{i,j}(x)^∂_{∂xj} u(x) ) = b(x) if x ∈ Ω^∘_d = (0, 1)^d, + boundary conditions, (8) where the boundary conditions (Dirichlet, Neumann etc.) are not specified since they do not affect our reasoning here.

If ∘ denotes the componentwise Hadamard product [2], then the preceding equation can be conveniently rewritten as follows

−e^T [A(x) ∘ H_u(x)]e + first order terms = b(x) if x ∈ Ω^∘_d = (0, 1)^d, + boundary conditions (9) where H_u(x) is the Hessian matrix of u evaluated at x ∈ Ω_d and e^T = (1, · · · , 1) ∈ R^d. The discretization of (8) by finite differences (FD) over equispaced ddimensional grid-sequences G leads to a sequence of multilevel linear systems [24] whose sequence of coefficient matrices is denoted by {A_n(A, F)}. (10)

Here each A_n(A, F) has dimension N (n) × N (n) with n = (n_1, . . . , n_d) and N (n) = n_1 · · · n_d; the grid sequence G is given by {G_{n1} × G_{n2} × · · · × G_{nd} }_n, G_{nj} = { i n_j + 1 }_{nj} i=1 and F is a “symbolic” d × d matrix whose entry F_{i,j}

denotes the FD formula used for the discretization of the operator −^{∂2}_{∂xi∂xj} .

Due to the “shift invariance” property that characterizes any differential operator D with constant coefficients, it is customary to represent a FD formula ϕ over a sequence of n-sized equispaced grids as a sequence of Toeplitz matrices {T_n(D, ϕ)}. For D =^d_{dx} and a consistent formula ϕ of minimal precision 2 involving two contiguous discretization points we have n^{−1}T_n(D, ϕ) =T_n(q(s)) where q(s) = −1 + e^^i^s is the generating function in the sense of equation (1) with f_0 = −1 and f_1 = 1. For D =^{d2}_{dx2} and a consistent formula ϕ of precision 2 involving three contiguous discretization points we have n^{−2}T_n(D, ϕ) =T_n(q(s)) where q(s) = 2 − 2 cos(s) = e^{−^}i^s + 2 + e^^i^s is the generating function in the sense of equation (1) with f_0 = 2 and f_{±1} = −1. Since the approximate evaluation by ϕ of a given differential operator D =^{dp}_{dxp} applied to a function u at a given grid point involves the evaluation of u at a finite number of continguous grid points, it follows that the Toeplitz sequence {n^{−p}T_n(D, ϕ)} is associated to a 2π-periodic function with a finite Fourier expansion that is to a trigonometric polynomial. By following the general procedure given in [12] we know that, up to a scaling by a reasonable unimodular function u(s), the generating polynomial q(s) for D =^{dp}_{dxp} and ϕ of precision ν is asymptotic in any neighbourhood of the complex zero to (îs)^p while the error u(s)q(s) − (îs)^p is asymptotic to (îs)^ν in any neighbourhood of the complex zero. In the multidimensional case the correspendence between formulas for partial derivatives and generating polynomials can be simply handled by using tensor products but we have to impose that the stepsize is up to multiplicative constants the same in each direction i.e. ∃a_1, a_2, . . . , a_d ∈ N^+ such that n_j = va_j with v^{−1} being the “finesse” parameter. For i = (i_1, . . . , i_d) ∈ N^d we denote by^{∂i}_{∂ix} the operator

∂^i1 ∂^i1 x1

∂^i2 ∂^i2 x2 · · · ∂^{id} ∂^id x_d = ∂^{‖i‖}1 ∂^i1 x1∂^i2 x2···∂^id x_d . For D = ∑_t j=1 ∂^i(^j) ∂^i(^j)x with j, t ∈ N,

i(j) = (i_1(j), . . . , i_d(j)) ∈ N^d and ‖i(1)‖_1 = ‖i(2)‖_1 = · · · = ‖i(t)‖_1 = p, and by considering a formula ϕ obtained by composition of unidimensional formulas, we infer that v^{−p}T_n(D, ϕ) = T_n(q(s)) with s = (s_1, . . . , s_d), n = (n_1, . . . , n_d) with n_j = va_j and

q(s_1 , . . ., s_d) = t∑ j=1 d∏ k=1 a^{ik(j)}_k q_{ik(j)}(s_k)

where q_{ik(j)}(s_k) is the generating polynomial of a formula for^{∂ik(j)}_{∂ik(j) xk} . Of course from the definition of multilevel Toeplitz matrices is is easy to see that T_n(f_1(s_1)· f_2(s_2 ) · · · f_d(s_d)) = T_{n1} (f_1 (s_1)) ⊗ T_{n1} (f_2(s_2)) ⊗ · · · ⊗ T_{nd} (f_d(s_d)): for any choice of i = (i_1 , . . ., i_d) ∈ N^d, the following scheme holds D = ∂^i ∂^ix =⇒ ϕ =⇒ ⇐= q(s^1 , . . ., s^d) = d∏ k=1 a^{ik}_k q_{ik} (s_k). (11)

Owing to (11), it is clear that the matrix sequence {A_n(A, F)} considered in (10) can be equivalently represented as {A_n(A, P, Wa)} where P_{i,j} is the polynomial of the variables s_i and s_j uniquely associated to the formula F_{i,j} discretizing the operator −^{∂2}_{∂xi∂xj} over the (sub)sequence G with n_1 = n_2 = · · · = n_d = v. Furthermore the matrix Wa = (a_1, . . . , a_d)(a_1, . . ., a_d)^T is the nonnegative definite dyad constructed by using the weight numbers a_j related to the stepsizes in the different directions.

An interesting and nice correspondence between the differential equation (9) and the sequence {A_n(A, P, Wa)} is proved in Corollary 6.3: indeed for any continuous function F with bounded support it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [σ_j(v^{−2} A_n(A, P, Wa))] = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F (| e^T [A (x) ∘ P (s) ∘ Wa]e | |) dx ds, (12)

x ∈ Ω_d = [0, 1]^d, s ∈ Q^d = (−π, π)^d,

where the “discrete operator” e^T [A (x) ∘ P (s) ∘ Wa]e formally adheres to the continuous operator −e^T [A (x) ∘ H_u]e given in (9) since P (s) ∘ Wa is a finite difference (functional) representation of the matrix of operators −H_u over the (sub)sequence G with n_j = a_jv.

If A(x) is symmetric, then we apply the numerical approximation to the operator in divergence form (8) and we arrange the choice of P_{i,j} so that −P (s) ∘ Wa is a Hermitian, nonnegative definite dyad of functions (notice that H_u = [∇u] · [∇u]^T is a sort of dyad with respect to the composition of operators). Consequently the resulting matrices {A_n(A, P, Wa)} are symmetric and the previous formula can be also stated in the sense of the eigenvalues (see Corollary 6.4) i.e. for any continuous function F with bounded support it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(v^{−2} A_n(A, P, Wa))] = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F ( e^T [A (x) ∘ P (s) ∘ Wa]e ) dx ds, (13)

x ∈ Ω_d = [0, 1]^d, s ∈ Q^d = (−π, π)^d.

Remark 2.1 When the differential problem is defined over Ω^′ with Ω^′ ⊂ Ω_d and not necessarily iperrectangular, a linear algebra trick allows us to find ergodic formulas similar to those of (12) and (13): the matrix A_n(A, P, Wa) is replaced by A_n(A, P, Wa, Ω^′ ) of dimension d_n(Ω^′ ) × d_n(Ω^′ ); the quantity N (n) is substituted with d_n(Ω^′ ) and the set Ω_d is obviously replaced by Ω^′ both in the multiplicative constant and in the integration domain. The only limitation over Ω^′ concerns the fact that Ω^′ is required to be Peano-Jordan measurable [8, Jordan,pp. 28-29]. We recall that a subset of R^d is Peano-Jordan measurable if and only if its characteristic function is integrable in the (multidimensional) Riemann sense.

Remark 2.2 When we deal with systems of PDEs, the case of constant coefficients leads to multilevel block Toeplitz matrices generated by Hermitian matrixvalued polynomials so that the ergodic results proved in [22] can be used to build up a theory for multilevel block Locally Toeplitz sequences.

Now we are ready to introduce the notion of multilevel locally Toeplitz sequences.

Definition 2.1 A sequence of matrices {A_n}, where n ∈ N^d, N (n) = n_1 · · · n_d and A_n ∈ C^{N (n)×N (n)}, is called multilevel Locally Toeplitz with respect to a pair of functions (a, f), with a : Ω_d → C and f : Q^d → C, if the separable function f(s_1 , . . . , s_d) = f_1(s_1 ) · · · f_d(s_d) is Lebesgue-integrable and, for all sufficient large m ∈ N^d, there exists n_m ∈ N^d such that the following splittings hold A_n = LT^m_n (a, f) + R_{n,m} + N_{n,m} ∀n > n_m (14) with rank(R_{n,m}) ≤ c(m)N (n)( d∑ j=1 n^{−1}_j )

(15) ||N_{n,m}||_F ≤ ω(m) √ N (n), where c(m) and ω(m) are functions of m with lim_{m→∞} ω(m) = 0 and with LT^m_n (a, f) = ( Diag_{j1=1,...,m1} T_{⌊n1/m1 ⌋}(f_1) ⊗ ( Diag_{j2=1,...,m2} T_{⌊n2/m2 ⌋}(f_2) ⊗ (· · · ⊗ ( Diag j_{d−}1 =1,...,m_{d−}1 T_{⌊nd−1 /md−1 ⌋}(f_{d−1}) ⊗ (D_{md ,aj,m,d} ⊗ T_{⌊nd/md ⌋}(f_d) ⊕ O_{nd modmd} ) ⊕ O_{(nd−1 modmd−1 )nd} ) · · ·) ⊕ O_{(n1 modm1 )ndnd−1···n2} . The matrix D_{md ,aj,m,d} is the m_d ×m_d diagonal matrix constructed as the matrix D_{m,a} in Definition 1.2. Here tjhe function a_{j,m,d} is the projection of the function a over the last component i.e. a_{j,m,d}(y) = a(j_1/m_1, j_2/m_2, . . . , j_{d−1}/m_{d−1}, y), y ∈ Ω_1 = [0, 1]. Finally T_k(f) denotes the multilevel Toeplitz matrix of order N (k) generated by f and O_q is the null matrix of order q. In this case we write in short {A_n} ∼_{LT} (a, f).

Definition 2.2 Suppose a sequence of matrices {A_n} of size d_n is given. We say that {{B_{n,m}}}_m, m ∈ N is an approximating class of sequences for {A_n} if, for all sufficiently large m ∈ N, the following splittings hold: A_n = B_{n,m} + R_{n,m} + N_{n,m}, ∀n > n_m, (16) with rank R_{n,m} ≤ d_n c(m), ‖N_{n,m}‖_F ≤ √ d_n ω(m), (17) where n_m, c(m) and ω(m) depend only on m and, moreover, lim m→∞ ω(m) = 0, lim_{m→∞} c(m) = 0.

(18)

Definition 2.3 A sequence of matrices {A_n}, where n ∈ N^d, N (n) = n_1 · · · n_d and A_n ∈ C^{N (n)×N (n)}, is approximable by linear combinations of multilevel locally Toeplitz sequences with respect to a function κ, with κ ∈ L^1(Ω_d × Q^d), if for any ϵ > 0

• there exist pairs of functions {(a_{i,ϵ}, f_{i,ϵ})}^{Nϵ}_{i=1} with f_{i,ϵ} ∈ L^1(Q^d) separables and a_{i,ϵ} defined over Ω_d such that ‖ ∑_{Nϵ} i=1 a_{i,ϵ}f_{i,ϵ} − κ‖_1 < ϵ over Ω_d × Q^d,

• there exist matrix sequences {{A^{(i,ϵ)}_n }_n}^{Nϵ}_{i=1} such that {A^{(i,ϵ)}_n } ∼_{LT} (a_{i,ϵ}, f_{i,ϵ}) and if • {{ ∑_{Nϵ} i=1 A^{(i,ϵ)}n }}, ϵ = (m + 1)^{−1}, m ∈ N is an approximating class of sequences for {A_n}.

In this case the sequence {A_n} is said to be a generalized Locally Toeplitz sequence with respect to κ and we write in short {A_n} ∼_{GLT} κ.

Remark 2.3 Given a sequence of matrices {A_n}, we will write {A_n} ∼_{LT} (a, f) to indicate that {A_n} is multilevel locally Toeplitz with respect to a and f. It is understood that each A_n has order N (n), that a is defined over Ω_d, and that f is defined over Q^d with f(s_1 , . . . , s_d) = f_1(s_1) · · · f_d(s_d) and is integrable; moreover, both a and f are supposed to be complex valued, unless otherwise specified. We call a the weight function, and f the generating function; moreover, in the splittings (14), the matrices R_{n,m}’s are called rank corrections, while the N_{n,m}’s are called norm corrections.

If {A_n} is a generalized locally Toeplitz sequence i.e. {A_n} ∼_{GLT} κ with κ ∈ L^1(Ω_d × Q^d), it is evident that the unique function κ has simultaneously the role of weight function and of generating function: we call κ the kernel function.

Finally it is clear that generalized locally Toeplitz sequences contain the span generated by multilevel locally Toeplitz sequences, since the first space of sequences is a sort of topological closure of the second space.

For the class of generalized locally Toeplitz sequences as in Definition 2.3, we prove a Szegő-like formula for singular values, namely

Theorem 2.1 Assume that {A_n} is a sequence of n × n complex matrices. Let κ ∈ L^1(Ω_d × Q^d). Then for any continuous function F with bounded support lim_{n→∞} 1 N (n) N (n)∑

j=1 F [σ_j(A_n)] = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F ( |κ(x, s)| ) dx ds (19)

x ∈ Ω_d = [0, 1]^d, s ∈ Q^d = (−π, π)^d

holds whenever {A_n} is a generalized locally Toeplitz sequence with respect to κ as in Definition 2.3.

A Szegő-like formula for eigenvalues is obtained if {A_n} is Hermitian and approximable by multilevel locally Toeplitz sequences with respect to κ. In that case the kernel function κ(x, s) has to be real almost everywhere.

Theorem 2.2 Assume that {A_n} is a sequence of n × n complex matrices. Let κ ∈ L^1(Ω_d × Q^d). Then for any continuous function F with bounded support

lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(A_n)] = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [κ(x, s)] dx ds (20)

x ∈ Ω_d = [0, 1]^d, s ∈ Q^d = (−π, π)^d

holds whenever {A_n} is a Hermitian generalized locally Toeplitz sequences with respect to κ as in Definition 2.3.

It is crucial to observe that, contrary to multilevel Toeplitz structure, a single matrix A is never generalized locally Toeplitz: the notion of local Toeplitzness is an asymptotic one and it is always referred to a sequence of matrices {A_n}.

The paper is organized as follows.

In Section 3 we report some preliminary results which will be widely used throughout.

In Section 4 we study the asymptotic spectrum of multilevel locally Toeplitz sequences and of generalized locally Toeplitz sequences.

To be precise, spectral ergodic results concerning multilevel locally Toeplitz sequences are obtained as particular cases of more general results on distribution, involving finite sums of multilevel locally Toeplitz sequences (see Theorems 4.1 and 4.5) and generalized locally Toeplitz sequences (see Theorems 4.7 and 4.10 or (19) and (20)).

In Section 5 we study some algebraic properties of multilevel locally Toeplitz sequences and we prove that generalized locally Toeplitz sequences of matrices embrace (multilevel) Toeplitz sequences generated by L^1 symbols as a particular case.

Finally in Section 6 we come back to the relations with the discretization of PDEs by showing that these matrix-sequences can be naturally described as sums of multilevel locally Toeplitz matrix-sequences. A concluding section of remarks and open problems ends the paper.

3 Preliminaries

Given a real number p ≥ 1 and measurable function f defined over a Lebesgue measurable set Ω ⊂ R^n, we write f ∈ L^p if f p-integrable, and we denote by ‖f‖_p = (∫ ω |f(x)|^p dx ) 1_p

the L^p norm of f. We write f ∈ L^∞ if f is essentially bounded over Ω, and we denote by ‖f‖_∞ the essential sup-norm of f (see [10]). We remark that, although the domain of f does not explicitly appear in the symbol ‖f‖_p, it will always be clear from the context; typically, the domain will be Q^d = (−π, π)^d if f is a generating function, Ω_d = [0, 1]^d if f is a weight function, and Ω_d × Q^d if f is a kernel function. If Q ⊂ R^d, and P (x) is a proposition depending on x ∈ Q, by statements such as “P (x) for x ∈ Q a.e.” or “P (x) a.e. over Q” we mean that P (x) holds for x ∈ Q almost everywhere, that is, P (x) is true for all x ∈ Q \ Q^′, where Q^′ is a subset of Q and has zero (d-dimensional) Lebesgue measure (see [6], p.86).

We denote by C_0 the space of continuous functions defined on the real line R, having bounded support; this space is relevant to our purpose, since it is the space of test functions, that is, the set of functions F appearing in asymptotic formulas like (2) or (3); the idea of using C_0 as the set of test functions is due to Tyrtyshnikov [24], and enables one to study the distribution of eigen and singular values over the whole real line (thus dropping the assumption that f ∈ L^∞ in the original version of the Szegő theorem, see [5, 24, 25]). Finally, we denote by C^1_0 the subspace of those functions F ∈ C_0 such that the derivative F^′ also belongs to C_0.

Given a matrix A of order n, we denote by σ_j(A), j = 1, 2, . . ., n the singular values of A, in non-decreasing order. We also define the Hermitian matrices

Re A = 1 2 (A + A^∗), Im A = 1 2î (A − A^∗) where A^∗ is the Hermitian conjugate of A. Observe that the above notions reduce to those of real and imaginary part when A is a complex number; moreover, it holds Re A = A and Im A = O_n if, and only if, A is Hermitian. In this case, we denote by λ_j (A), j = 1, 2, . . ., n the eigenvalues of A, numbered in non-decreasing order.

For any pair of square matrices A and B, the following elementary properties hold: ‖A ⊗ B‖_2 = ‖A‖_2‖B‖_2, ‖A ⊕ B‖_2 = max{ ‖A‖_2, ‖B‖_2 }, (21)

where ‖ · ‖_2 denotes the spectral norm. Observe that the symbol ‖ · ‖_2 stands for the L^2 norm if referred to a function, while it stands for the spectral norm if referred to a matrix; anyway, the appropriate meaning will always be clear from the context.

The Shatten p-norms [2] will be used in the following.

Definition 3.1 The space of the n × n complex matrices is equipped with the Shatten p-norm defined as [2]

‖A‖_{S,p} = n∑ j=1 σ^p_j (A) 1/p , p ∈ [1, ∞)

and ‖A‖_{S,∞} = σ_1(A), p = ∞. For p = 2 we find the classical Frobenius norm ‖ · ‖_F and for p = ∞ we obtain the so-called “spectral” norm ‖ · ‖_2. When choosing p = 1, we find the so-called “trace” norm ‖ · ‖_1 that for Hermitian nonnegative definite matrices equals the trace of the matrix.

The following basic inequalities involving Toeplitz matrices and their generating functions will be extensively used throughout, without further comments (see [1]): ‖T_n(f)‖_2 ≤ ‖f‖_∞, ‖T_n(f)‖_{S,p} ≤ n^{1/p}‖f‖_p, ∀n. (22)

In this paper, when a sequence of matrices {A_n} is involved it will always be understood that each A_n has order N (n) if n = (n_1, . . . , n_d) is a multi-index (unless otherwise explicitly specified).

The following lemma holds (see Theorem 3.1 from [24] and [14]):

Lemma 3.1 If two sequences of matrices {A_n}, {Ã_n} of size n are such that rank(A_n − Ã_n) ≤ r(n) with r(n) = o(n), then for every F ∈ C_0 it holds

lim_{n→∞} | | | | | | 1 n n∑ j=1 F [σ_j(A_n)] − 1 n n∑ j=1 F [σ_j(Ã_n)] | | | | | | = 0.

We will also need the following perturbation result for singular values and eigenvalues, a generalization of the Wielandt-Hoffman Theorem (a proof can be found in [7, 2]):

Theorem 3.2 [2] Let p ∈ [1, ∞). For any pair of matrices A, B of order n, we have n∑ j=1 |σ_j(A) − σ_j(B)|^p 1/p ≤ ‖A − B‖_{S,p} . (23)

If A and B are Hermitian, then we also have n∑ j=1 |λ_j(A) − λ_j (B)|^p 1/p ≤ ‖A − B‖_{S,p} . (24)

It is worth observig that labelling eigen and singular values in non-decreasing order is essential, in order to have the above estimates.

Now we investigate some basic spectral properties of the matrix-valued operators LT^m_n , defined according to Definition 2.1.

Remark 3.1 Given 2p functions a_i : Ω_d → C, f_i : Q^d → C with f_i being separable, i = 1, 2, . . ., p, for any two vectors of natural numbers n > m the singular values of the N (n) × N (n) matrix M = ∑_p i=1 LT^m_n (a_i, f_i) are easily characterized in terms of the singular values of Toeplitz matrices, as follows. Partitioning M into blocks according to Definition 2.1, the j-th diagonal block, j = (j_1, . . . , j_d) of M is the matrix of order N (⌊n/m⌋) ≡ ∏_d j=1⌊n_j /m_j⌋ given by p∑ i=1 a_i(j/m)T_{⌊n1 /m1 ⌋}((f_i)_1) ⊗ · · · ⊗ T_{⌊nd /md⌋}((f_i)_d) = T_{⌊n/m⌋} (_p ∑ i=1 a_i(j/m) f_i ) , j/m = (j_1/m_1, . . . , j_d/m_d), ⌊n/m⌋ = (⌊n_1/m_1⌋, . . . , ⌊n_d/m_d⌋) . Therefore, N (⌊n/m⌋)N (m) = N (n) (∏_d j=1(1 − (n_j mod m_j )n^{−1}_j ) singular values of M are given by σ_k ( T_{⌊n/m⌋} (^p∑ i=1 a_i(j/m) f_i )) , j = e^T , . . ., m, k = 1, 2, . . ., N (⌊n/m⌋), while the remaining N (n) ( 1 − (∏_d j=1(1 − (n_j mod m_j )n^{−1}_j )) singular values are null.

Concerning eigenvalues, instead of studying those of M we turn our attention to those of Re M (which reduces to M when M is Hermitian); reasoning as above, and observing that T^∗_k (f) = T_k(f̄ ), we obtain that the j-th diagonal block of Re M is given by Re p∑ i=1 a_i(j/m)T_{⌊n/m⌋} (f_i) = T_{⌊n/m⌋} ( Re p∑ i=1 a_i(j/m) f_i ) ,

and hence N (n) (∏_d j=1(1 − (n_j mod m_j )n^{−1}_j ) eigenvalues of Re M are given by λ_k ( T_{⌊n/m⌋} ( Re p∑ i=1 a_i(j/m) f_i )) , j = e^T , . . ., m, k = 1, 2, . . ., N (⌊n/m⌋), while the remaining N (n) ( 1 − (∏_d j=1(1 − (n_j mod m_j )n^{−1}_j )) singular values are null.

For any fixed m ∈ N^d, sequences of the kind { ∑_p i=1 LT^m_n (a_i, f_i)} turn out to have a regular asymptotic distribution of singular values, as n → ∞; as we show in the following lemma, a further limit operation is also possible, involving m.

Lemma 3.3 Given 2p functions a_i : Ω_d → C, f_i : Q^d → C with f_i being separable, i = 1, . . ., p, suppose that each f_i ∈ L^1. Then, for all m ∈ N^d and all F ∈ C_0 it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [ σ_j (^p∑ i=1 LT^m_n (a_i, f_i) ) ] (25)

= 1 N (m) m∑ j=e^T 1 m{Q^d} ∫ Q^d F [| | | | p∑ i=1 a_i(j/m)f_i(s) | | | | ] ds, s ∈ Q^d = (−π, π)^d If, moreover, each a_i is Riemann integrable, then it holds lim m→∞ 1 N (m) m∑ j=e^T 1 m{Q^d} ∫ Q^d F [| | | | p∑ i=1 a_i(j/m)f_i(s) | | | | | ] ds (26)

= 1 m{Ω_d × Q^d} ∫ Ωd ×Q^d F [| | | p∑ i=1 a_i(x)f_i(s) | | | | ] dx ds, x ∈ Ω_d = [0, 1]^d, s ∈ Q^d = (−π, π)^d.

Proof. For m fixed and n > m, setting N (⌊n/m⌋) ≡ ∏_d j=1⌊n_j /m_j⌋, from Remark 3.1 we obtain 1 N (n) N (n)∑

j=1 F [ σ_j (^p∑ i=1 LT^m_n (a_i, f_i) ) ]

= 1 N (n) m∑ j=e^T

N (⌊n/m⌋) ∑ k=1 F [ σ_k ( T_{⌊n/m⌋} (^p∑ i=1 a_i(j/m)f_i )) ]

+ 1 − d∏ j=1 (1 − (n_j mod m_j )n^{−1}_j F (0).

The last term tends to zero when n → ∞. Therefore, letting

g_j(s) = p∑ i=1 a_i(j/m)f_i(s), we obtain lim_{n→∞} 1 N (n) N (n)∑

j=1 F [ σ_j (^p∑ i=1 LT^m_n (a_i, f_i) ) ]

= m∑ j=e^T lim_{n→∞} N (⌊n/m⌋) N (n) 1 N (⌊n/m⌋) N (⌊n/m⌋) ∑ k=1 F [ σ_k ( T_{⌊n/m⌋} ( g_j ))]

= 1 N (m) m∑ j=e^T 1 m{Q^d} ∫ Q^d F [|g_j(s)|] ds, (27)

where the last equality follows from lim_{n→∞}⌊n_r /m_r ⌋/n_r = 1/m_r, and from Theorem 1.2 applied N (m) times to the generating functions g_j , j = (j_1, . . . , j_d), j_r = 1, 2, . . ., m_r. Finally, observe that (27) can be thought of as a Riemann sum, on the grid {j/m}^m_{j=eT} , of the function

ϕ(x) = 1 m{Q^d} ∫ Q^d F [| | | | p∑ i=1 a_i(x)f_i(s) | | | | | ] ds, x ∈ Ω_d = (0, 1)^d.

(28)

From the dominated convergence theorem it easily follows that ϕ is continuous at every point where all the a_i’s are continuous. Since each a_i is Riemann integrable, then ϕ is also Riemann integrable, and (26) immediately follows, as limit of Riemann sums of a bounded and Riemann integrable function.

Remark 3.2 In (27) we obtained the quantity 1 N (m) m∑ j=e^T ϕ(j/m) where the

function ϕ(·) is the one defined in (28). In order to prove that the former expression represents a Riemann sum we used the fact that each a_i(x) is Riemann integrable. However since each F is continuous and with bounded support we point out that the statement claimed in Lemma 3.3 still holds if we use the following weaker assumption: for any pair of real numbers m ≤ M , the functions max{min{a_i(x), M }, m} are Riemann integrable. We stress that this situation occurs in the case where we discretize the Helmotz equation by finite differences over collocation Chebyshev points [16].

In a similar fashion, we can prove the following statement concerning eigenvalues.

Lemma 3.4 Given 2p functions a_i : Ω_d → C, f_i : Q^d → C with f_i being separable, i = 1, . . ., p, suppose that each f_i ∈ L^1. Then, for all m ∈ N^d and all F ∈ C_0 it holds lim_{n→∞} 1 N (n) n∑ j=1 F [ λ_j ( Re p∑ i=1 LT^m_n (a_i, f_i) ) ] (29)

= 1 N (m) m∑ j=e^T 1 m{Q^d} ∫ Q^d F [ Re p∑ i=1 a_i(j/m)f_i(s) ] ds. If, moreover, each a_i is Riemann integrable, then it holds lim m→∞ 1 N (m) m∑ j=e^T 1 m{Q^d} ∫ Q^d F [ Re p∑ i=1 a_i(j/m)f_i(s) ] ds (30)

= 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ Re p∑ i=1 a_i(x)f_i(s) ] dx ds, x ∈ Ω_d = [0, 1]^d, s ∈ Q^d = (−π, π)^d.

The proof is omitted since it is similar to that of Lemma 3.3, except that Theorem 1.1 must be used instead of Theorem 1.2.

Lemma 3.5 [14] Suppose two sequences of matrices {A_n} and {Ã_n} of size n are such that ‖A_n − Ã_n‖_{S,p} ≤ n^{1/p} C (31) holds for all sufficiently large n and for a given p ∈ [1, ∞), where C > 0 does not depend on n. Then, for all F ∈ C^1_0 it holds | | | | | 1 n n∑ j=1 F [σ_j(A_n)] − 1 n n∑ j=1 F [σ_j(Ã_n)] | | | | | ≤ C‖F^′‖^∞, ∀n. (32)

If, moreover, all the matrices involved are Hermitian, then it holds | | | | | 1 n n∑ j=1 F [λ_j(A_n)] − 1 n n∑ j=1 F [λ_j(Ã_n)] | | | | | ≤ C‖F^′‖_∞, ∀n. (33)

Proposition 3.6 Let d_n an increasing sequence of natural numbers. Suppose a sequence of matrices {A_n} of size d_n is given such that {{B_{n,m}}}_m, m ∈ N̂ ⊂ N, #N̂ = ∞, is an approximating class of sequences for {A_n} in the sense of

Definition 2.2. Suppose that, for all sufficiently large m ∈ N and for all F ∈ C_0, there exist the limits lim_{n→∞} 1 d_n d_n∑

j=1 F [σ_j(B_{n,m})] = Φ_m(F ), and lim_{m→∞} Φ_m(F ) = Φ(F ).

(34)

Then it necessarily holds lim_{n→∞} 1 d_n d_n∑

j=1 F [σ_j(A_n)] = Φ(F ), ∀F ∈ C_0.

(35)

Similarly, if all the matrices in (16) are Hermitian, and for all F ∈ C_0 there exist the limits lim_{n→∞} 1 d_n d_n∑

j=1 F [λ_j(B_{n,m})] = Ψ_m(F ), and lim_{m→∞} Ψ_m(F ) = Ψ(F ),

(36)

then it also holds lim_{n→∞} 1 d_n d_n∑

j=1 F [λ_j(A_n)] = Ψ(F ), ∀F ∈ C_0.

(37)

Proof. It is a straightforward generalization of Proposition 2.6 in [20]: the only difference is in the evaluation of the quantity α_{n,m} considered in [20] where we use Lemma 4.2 (part 1.) of [14] instead of Lemma 2.1 of [20].

4 Asymptotic spectrum of generalized locally Toeplitz sequences

Now we are in a position to show that the singular values of a multilevel locally Toeplitz sequence have a regular asymptotic distribution on the real line, and this distribution can be explicitly computed in terms of a and f. Indeed, a more general result is proved, concerning finite sums of multilevel locally Toeplitz sequences and generalized locally Toeplitz sequences.

Theorem 4.1 Suppose that a sequence of matrices {A_n} can be decomposed as the sum of p multilevel locally Toeplitz sequences {A^{(i)}_n } ∼_{LT} (a_i, f_i), i = 1, 2, . . ., p, where the a_i’s are Riemann integrable over Ω_d and the f_i’s belong to L^1(Q^d). Then for all F ∈ C_0 it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [σ_j(A_n)] =

(38)

1 m{Ω_d × Q^d} ∫ Ωd ×Q^d F (| | | | p∑ i=1 a_i(x) f_i(s) | | | | ) dx ds. Proof. By assumption, for each i = 1, 2, . . ., p we have the splittings

A^{(i)}_n = LT^m_n (a_i, f_i) + R^{(i)}_{n,m} + N^{(i)}_{n,m} ∀n > n^{(i)}_m ,

(39)

where the rank and norm corrections satisfy the conditions

rank R^{(i)}_{n,m} ≤ c^{(i)}(m)N (n) d∑ j=1 n^{−1}_j , d∑ j=1 n^{−1}_j ≤ 1 ‖m‖_∞ (∑_d j=1 c^{(i)}(m) + 1 ) , (40) ‖N^{(i)}_{n,m}‖_F ≤ √ N (n) ω^{(i)}(m), lim_{m→∞} ω^{(i)}(m) = 0.

Letting B_{n,m} = ∑_p i=1 LT^m_n (a_i, f_i), R_{n,m} = ∑_p i=1 R^{(i)}_{n,m}, and N_{n,m} = ∑_p i=1 N^{(i)}_{n,m}, the sequence {A_n} trivially satisfies conditions (16), (17) and (18), with n_m = max^p_{i=1}{n^{(i)}_m }, c(m) =^1_{‖m‖∞} and ω(m) = ∑_p i=1 ω^{(i)}(m). If for F ∈ C_0 we let

Φ_m(F ) = 1 N (m) m∑ j=e^T 1 m{Q^d} ∫ Q^d F [| | | p∑ i=1 a_i(j/m) f_i(s) | | | | ] ds ∀m, and Φ(F ) = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [| | | p∑ i=1 a_i(x) f_i(s) | | | | ] dx ds, then by (25) and (26) of Lemma 3.3 we obtain that (34) is also fulfilled. Therefore, we can apply Proposition 3.6 to the sequence of matrices {A_n}, and observe that (35) reduces to (38).

The case of a single multilevel locally Toeplitz sequence is obtained as a particular case of the above theorem.

Theorem 4.2 Suppose the sequence of matrices {A_n} is such that {A_n} ∼_{LT} (a, f), where a is Riemann integrable over Ω_d and f ∈ L^1(Q^d) is separable. Then for all F ∈ C_0 it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [σ_j(A_n)] = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F ( |a(x)f(s)| ) dx ds. (41)

Remark 4.1 Unlike multilevel Toeplitz sequences, the sum of two multilevel locally Toeplitz sequences may fail to be multilevel locally Toeplitz; therefore, Theorem 4.1 does not follow as a consequence of Theorem 4.2.

Theorem 4.3 Suppose that a sequence of matrices {A_n} can be decomposed, in two different ways, as the sum of p multilevel locally Toeplitz sequences

A_n = p∑ i=1 A^{(i)}_n = p∑ i=1 ^A^{(i)}_n , n ∈ N^d,

{A^{(i)}_n } ∼_{LT} (a_i, f_i), { ^A^{(i)}_n } ∼_{LT} (â_i, f̂_i), i = 1, 2, . . ., p,

where all the weight functions are Riemann integrable over Ω_d and the generating functions are separable and belong to L^1(Q^d). Then it holds p∑ i=1 a_i(x) f_i(s) = p∑ i=1 â_i(x) f̂_i(s), a.e. over Ω_d × Q^d.

(42)

Proof. By subtracting the two decompositions from each other, we obtain that the null sequence {O_n} can be decomposed as the sum of 2p multilevel locally Toeplitz sequences; therefore, by Theorem 4.1 ∀F ∈ C_0, we obtain

F (0) = 1 m{Ω_d × Q^d} ∫ Ωd ×Q^d F [ | | | p∑ i=1 a_i(x) f_i(s) − p∑ i=1 â_i(x) f̂_i(s) | | | | ] dx ds. Since F is arbitrary, it is well-known from measure-theory that the above equality implies | | | | | p∑ i=1 a_i(x) f_i(s) − p∑ i=1 â_i(x) f̂_i(s) | | | | | = 0, a.e. over Ω_d × Q^d,

and the proof is completed.

Corollary 4.4 Suppose that a sequence of Hermitian matrices {A_n} can be decomposed as the sum of p multilevel locally Toeplitz sequences {A^{(i)}_n } ∼_{LT} (a_i, f_i), i = 1, 2, . . ., p, where each a_i is Riemann integrable over Ω_d and each f_i ∈ L^1(Q^d) is separable. Then it holds p∑ i=1 a_i(x) f_i(s) ∈ R, a.e. over Ω_d × Q^d.

Proof. It is a trivial but general fact that {A_n} ∼_{LT} (a, f) holds if, and only if, {A^∗_n} ∼_{LT} (ā, f̄). In our case, since the sequence {A_n} is Hermitian, it can also be decomposed as the sum of {A^{(i)∗}_n }, i = 1, . . . , p, where {A^{(i)∗}_n } ∼_{LT} (ā_i, f̄_i); from the previous theorem we then obtain p∑ i=1 a_i(x) f_i(s) = p∑ i=1 ā_i(x) f̄_i(s), a.e. over Ω_d × Q^d, and the proof is completed.

Concerning the asymptotic distribution of eigenvalues, the analog of Theorem 4.1 can be formulated as follows.

Theorem 4.5 Suppose that a sequence of matrices {A_n} can be decomposed as the sum of p multilevel locally Toeplitz sequences {A^{(i)}n } ∼_{LT} (a_i, f_i), i = 1, 2, . . ., p, where each a_i is Riemann integrable over Ω_d and each f_i ∈ L^1(Q^d) is separable. Then, for all F ∈ C_0 it holds

lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(Re A_n)] =

(43)

1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ Re p∑ i=1 a_i(x) f_i(s) ] dx ds,

lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(Im A_n)] =

(44) 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ Im p∑ i=1 a_i(x) f_i(s) ] dx ds, If, moreover, each {A_n} is Hermitian, then it also holds

lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(A_n)] =

(45)

1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ p∑ i=1 a_i(x) f_i(s) ] dx ds. Proof. It is the same reasoning as in the proof of Theorem 4.1 (see also Theorem 3.5 in [20]).

The case of a single multilevel locally Toeplitz sequence is obtained as a particular case of the above theorem.

Theorem 4.6 Suppose a sequence of matrices {A_n} is given, such that {A_n} ∼_{LT} (a, f), where a is Riemann integrable over Ω_d and f ∈ L^1(Q^d) is separable. Then for all F ∈ C_0 it holds

lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(Re A_n)] =

(46)

1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ Re a(x)f(s) ] dx ds,

lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(Im A_n)] =

(47) 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ Im a(x)f(s) ] dx ds. If, moreover, each A_n is Hermitian, then it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(A_n)] =

(48) 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ a(x)f(s) ] dx ds. Now we are in position to prove the most general results concerning the spectral distribution of generalized locally Toeplitz sequences.

Theorem 4.7 Let {A_n} be a generalized locally Toeplitz sequence with respect to κ ∈ L^1(Ω_d × Q^d) in the sense of Definition 2.3. Suppose that the functions a_{i,ϵ} involved in Definition 2.3 are Riemann integrable over Ω_d. Then for all F ∈ C_0 it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [σ_j(A_n)] =

(49) 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F ( |κ(x, s)| ) dx ds. Proof. By the assumptions we have A_n = B_{n,m} + R_{n,m} + N_{n,m}, ∀n > n_m, with rank R_{n,m} ≤ d_n c(m), ‖N_{n,m}‖_F ≤ √ d_n ω(m), where n_m, c(m) and ω(m) depend only on m and, moreover, lim m→∞ ω(m) = 0, lim_{m→∞} c(m) = 0.

Here ϵ = (m + 1)^{−1} and B_{n,m} = ∑_{Nϵ} i=1 A^{(i,ϵ)}n with A^{(i,ϵ)}n ∼_{LT} (a_{i,ϵ}, f_{i,ϵ}) and ‖ ∑_{Nϵ} i=1 a_{i,ϵ}f_{i,ϵ} − κ‖_1 < ϵ over Ω_d × Q^d (as in Definition 2.3). If for F ∈ C_0 we let Φ_m(F ) = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [| | | | N_ϵ∑

i=1 a_{i,ϵ}(x) f_{i,ϵ}(s) | | | | | ] dx ds, ∀m = m(ϵ), and Φ(F ) = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [|κ(x, s)|] dx ds, then by Theorem 4.1 we obtain that (34) is also fulfilled because of the relation ‖ N_ϵ∑

i=1 a_{i,ϵ}f_{i,ϵ} − κ‖_1 < ϵ. Therefore, we can apply Proposition 3.6 to the sequence of matrices {A_n}, and observe that (35) reduces to (49).

Remark 4.2 The right-hand side of (49) can be thought of as a generalized version of the right-hand side of (3); in particular, when κ(x, s) ≡ f(s) the integral in (49) reduces to that in (3). This analogy is more than a formal one; indeed, in Theorem 5.2 we will prove that, if f ∈ L^1, then {T_n(f)} is approximable by linear combinations of multilevel locally Toeplitz sequences with respect to κ(x, s) = f(s), and hence (49) reduces to (3). In view of this, Theorem 1.2 can be obtained as a corollary of the above theorem.

Theorem 4.8 Suppose that a sequence of matrices {A_n} is a generalized locally Toeplitz sequence with respect to κ ∈ L^1(Ω_d × Q^d) and κ̂ ∈ L^1(Ω_d × Q^d) in the sense of Definition 2.3. Then it holds

κ(x, s) = κ̂(x, s), a.e. over Ω_d × Q^d.

(50)

Proof. By subtracting the two decompositions from each other, we obtain that the null sequence {O_n} can be approximated by multilevel locally Toeplitz sequences with respect to the kernel function κ − κ̂; therefore, by Theorem 4.7 ∀F ∈ C_0, we obtain

F (0) = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ |κ(x, s) − κ̂(x, s)| ] dx ds. Since F is arbitrary, it is well-known from measure-theory that the above equality implies |κ(x, s) − κ̂(x, s)| = 0, a.e. over Ω_d × Q^d, and the proof is completed.

Corollary 4.9 Suppose that a sequence of Hermitian matrices {A_n} is a generalized locally Toeplitz sequence with respect to κ ∈ L^1(Ω_d × Q^d). Then it holds κ(x, s) ∈ R, a.e. over Ω_d × Q^d.

Proof. It is a trivial but general fact that {A_n} ∼_{GLT} κ holds if, and only if, {A^∗_n} ∼_{GLT} κ̄. In our case, since the sequence {A_n} is Hermitian, it is simultaneously generalized locally Toeplitz with respect to κ and to κ̄; from the previous theorem we then obtain

κ(x, s) = κ̄(x, s), a.e. over Ω_d × Q^d,

and the proof is completed.

Theorem 4.10 Let {A_n} be a generalized locally Toeplitz sequence with respect to κ ∈ L^1(Ω_d × Q^d) in the sense of Definition 2.3. Suppose that the functions a_{i,ϵ} involved in Definition 2.3 are Riemann integrable over Ω_d. Then, for all F ∈ C_0 it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(Re A_n)] =

(51) 1 m{Ω_d × Q^d} ∫ Ωd ×Q^d F [ Re κ(x, s) ] dx ds,

lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(Im A_n)] =

(52) 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ Imκ(x, s) ] dx ds, If, moreover, each {A_n} is Hermitian, then it also holds

lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(A_n)] =

(53) 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F [ κ(x, s) ] dx ds. Proof. It is a simple adaptation of the former proof.

Remark 4.3 When f ∈ L^1(Q^d) is real-valued, the above theorem is a generalization of Theorem 1.1; indeed, as we will prove in Theorem 5.2, {T_n(f)} is approximable by multilevel locally Toeplitz sequences with respect to f, i.e., {T_n(f)} is a generalized locally Toeplitz sequence with respect to κ(x, s) = f(s) and we can apply the above theorem. Then the right-hand side of (53) reduces to that of (2).

5 Further properties of generalized locally Toeplitz sequences

In the following theorem we show that any multilevel Toeplitz sequence {T_n(f)}, generated by f ∈ L^1(Q^d), is also approximable by multilevel locally Toeplitz sequences with respect to the set f. Therefore, Toeplitz sequences are a particular case of generalized locally Toeplitz.

Theorem 5.1 If f : Q^d → C is a polynomial with f(s) = f_1(s_1) · · · f_d(s_d) being separable, then it holds {T_n(f)} ∼_{LT} (1, f).

Proof. First we observe that

T_n(f) = T_{n1} (f_1) ⊗ T_{n2} (f_2) ⊗ · · · ⊗ T_{nd} (f_d).

(54)

Second we recall that each {T_{nj} (f_j )} ∼_{LT} (1, f_j) since each f_j is L^2(Q) (see Theorem 4.1 of [20]). Now combining the splitting given in (4) with conditions (5) for each T_{nj} (f_j ), and equation (54) we obtain a splitting of T_n(f) as (14) satisfying for n large enough the conditions given in (15).

Theorem 5.2 If f : Q^d → C belongs to L^1(Q^d), then it holds that {T_n(f)} is approximable by multilevel locally Toeplitz sequences with respect to κ(x, s) = f(s). Proof. For any positive ϵ, there exists a multivariate trigonometric polynomial p_ϵ such that ‖f − p_ϵ‖_1 ≤ ϵ. Of course each polynomial can be written as a finite sum of separable polynomials {q_{j,ϵ}}_j . Moreover it is known that {{T_n(p_ϵ)}}, ϵ = (m + 1)^{−1}, m ∈ N, is an approximating class of sequences for {T_n(f)} in the sense of Definition 2.2 (see [25, 15, 22]). Finally by Theorem 5.1 we have that {T_n(q_{j,ϵ})} ∼_{LT} (1, q_{j,ϵ}) so that {T_n(f)} is approximable by multilevel locally Toeplitz sequences with respect to the kernel κ(x, s) = f(s) i.e. {T_n(f)} ∼_{GLT} f.

Now we investigate the behavior of linear combinations of multilevel locally Toeplitz sequences under sums and products. Of course there is stability under sums and, in general, under linear combinations. On the other hand, it is not reasonable to expect that the product of any two multilevel locally Toeplitz sequences is also multilevel locally Toeplitz or can be expressed as a linear combination of multilevel locally Toeplitz; indeed, when expanding the product of two multilevel locally Toeplits sequences according to their respective splittings (14), the product of the two norm-corrections might grow too fast, that is, its Frobenius norm might fail to be O( √ N (n)). A sufficient condition, however, is the following.

Theorem 5.3 Suppose {A_n} ∼_{LT} (a, f) and {Ã_n} ∼_{LT} (ã, f̃ ), where a, ã, f, f̃ are essentially bounded and f and f̃ are separable. If there exists a constant C > 0 such that ‖N_{n,m}‖_2 ≤ C, (55) holds in the splittings (14), then it holds {A_nÃ_n} ∼_{LT} (aã, ff̃ ), {Ã_nA_n} ∼_{LT} (aã, ff̃ ), (56) where the new spittings in (14) concerning {A_nÃ_n} and {Ã_nA_n} satisfy (55). Proof. Due to the tensorial decomposition of T_k(f) = T_{k1} ⊗ T_{k2} ⊗ · · · ⊗ T_{kd} and of T_k(f̃ ) = T_k(f̃_1)⊗T_k (f̃_2)⊗· · ·⊗T_k(f̃_d) the claimed thesis is simply reduced to the unilevel case where d = 1. Since this result with d = 1 has been proved in Theorem 4.4 of [20] the proof is over.

Now we investigate the stability of generalized locally Toeplitz sequences under linear combinations and products. The stability under linear combinations is trivial: in order to analyze the stability under products we introduce the following lemma (whose statements are contained in Lemma 3.1 of [16]) Lemma 5.4 Consider a sequence {A_n}, where A_n ∈ C^{n×n}, n ∈ N̂ ⊂ N. Then the following are equivalent.

• ∀p ∈ [1, +∞), there exists a function x_p(s) with lim_{s→0} x_p(s) = 0 so that ∀ϵ > 0 ∃n_ϵ(p) ∈ N such that ∀n ≥ n_ϵ(p) it holds A_n = N_{n,ϵ}(p) + R_{n,ϵ}(p), with ||N_{n,ϵ}(p)‖_{S,p} ≤ ϵ and rank R_{n,ϵ}(p) ≤ x_p(ϵ)n.

• There exists a function x(s) with lim_{s→0} x(s) = 0 so that ∀ϵ > 0 ∃n_ϵ ∈ N such that ∀n ≥ n_ϵ it holds A_n = N_{n,ϵ} + R_{n,ϵ}, with ||N_{n,ϵ}‖_2 ≤ ϵ and rank R_{n,ϵ} ≤ x(ϵ)n. Theorem 5.5 Suppose {A_n} ∼_{GLT} κ and {Ã_n} ∼_{GLT} κ̃, where the functions κ, κ̃ and a_{i,ϵ}, ã_{i,ϵ}, f_{i,ϵ}, f̃_{i,ϵ} appearing in Definition 2.3 are essentially bounded and ‖ N_ϵ∑

i=1 a_{i,ϵ}f_{i,ϵ}‖_∞, ‖ Ñ_ϵ∑

i=1 ã_{i,ϵ}f̃_{i,ϵ}‖_∞ ≤ C. (57)

If there exists a constant C^{(t,ϵ)} > 0 such that ‖N^{(t,ϵ)}_{n,m} ‖_2 ≤ C^{(t,ϵ)}, t ∈ {i, j} (58)

holds in the splittings in the splittings (14) for {A^{(i,ϵ)}_n }, i = 1, . . ., N_ϵ and for {Ã^{(j,ϵ)}_n }, j = 1, . . ., Ñ_ϵ, then we obtain {A_nÃ_n} ∼_{GLT} κκ̃, {Ã_nA_n} ∼_{GLT} κκ̃

(59) in the generalized sense where the new spittings in (14) concerning the decompositions of {A_nÃ_n} and {Ã_nA_n} satisfy (58).

Proof. From the assumptions {A_n} ∼_{GLT} κ and {Ã_n} ∼_{GLT} κ̃ and from (58), for any positive ϵ, we know that

A_n = N_ϵ∑

i=1 A^{(i,ϵ)}_n + R_{n,ϵ} + N_{n,ϵ}, ∀n > n_ϵ,

Ã_n = Ñ_ϵ∑

i=1 Ã^{(i,ϵ)}_n + R̃_{n,ϵ} + Ñ_{n,ϵ}, ∀n > n_ϵ, with rank R_{n,ϵ} ≤ N (n) c(ϵ), ‖N_{n,ϵ}‖_F ≤ √ N (n) ω(ϵ), rank R̃_{n,ϵ} ≤ N (n) c(ϵ), ‖Ñ_{n,ϵ}‖_F ≤ √ N (n) ω(ϵ), where n_ϵ, c(ϵ) and ω(ϵ) depend only on ϵ and, moreover, lim_{ϵ→0} ω(ϵ) = 0, lim_{ϵ→0} c(ϵ) = 0.

since ‖ · ‖_F = ‖ · ‖_{S,2}, by Lemma 5.4 we can arrange the choice of the splittings so that the inequalities ‖N_{n,ϵ}‖_2 ≤ ϵ, ‖Ñ_{n,ϵ}‖_2 ≤ ϵ hold too.

Here {A^{(i,ϵ)}_n } ∼_{LT} (a_{i,ϵ}, f_{i,ϵ}) and {Ã^{(i,ϵ)}_n } ∼_{LT} (ã_{i,ϵ}, f̃_{i,ϵ}) with A^{(i,ϵ)}_n = LT^m_n (a_{i,ϵ}, f_{i,ϵ}) + R^{(i,ϵ)}_{n,m} + N^{(i,ϵ)}_{n,m} ∀n > n_{m,ϵ,i} Ã^{(i,ϵ)}_n = LT^m_n (ã_{i,ϵ}, f̃_{i,ϵ}) + R̃^{(i,ϵ)}_{n,m} + Ñ^{(i,ϵ)}_{n,m} ∀n > n_{m,ϵ,i} where rank R^{(i,ϵ)}_{n,m} ≤ c^{(i,ϵ)}(m)N (n)( d∑ j=1 n^{−1}_j ),

(60) ||N^{(i,ϵ)}_{n,m} ||_F ≤ ω^{(i,ϵ)}(m) √ N (n), (61) ||N^{(i,ϵ)}_{n,m} ||_2 ≤ C^{(i,ϵ)}, (62)

rank R̃^{(i,ϵ)}_{n,m} ≤ c^{(i,ϵ)}(m)N (n)( d∑ j=1 n^{−1}_j ),

(63) ||Ñ^{(i,ϵ)}_{n,m} ||_F ≤ ω^{(i,ϵ)}(m) √ N (n), (64) ||Ñ^{(i,ϵ)}_{n,m} ||_2 ≤ C^{(i,ϵ)} (65) where c^{(i,ϵ)}(m) and ω^{(i,ϵ)}(m) are functions of m with lim_{m→∞} ω^{(i,ϵ)}(m) = 0 and C^{(i,ϵ)} being constant independent of m. Moreover we have

‖ N_ϵ∑

i=1 a_{i,ϵ}f_{i,ϵ} − κ‖_1 < ϵ, ‖ Ñ_ϵ∑

i=1 ã_{i,ϵ}f̃_{i,ϵ} − κ̃‖_1 < ϵ

over Ω_d × Q^d with f_{i,ϵ}, f̃_{i,ϵ} separables and f_{i,ϵ}, a_{i,ϵ}, f̃_{i,ϵ}, ã_{i,ϵ} ∈ L^∞.

Now we prove that {A_nÃ_n} ∼_{GLT} κκ̃ in the generalized sense where the new spittings in (14) concerning the decompositions of {A_nÃ_n} satisfy (58). The proof regarding {Ã_nA_n} is similar.

By the preceding relations we have

A_nÃ_n = N_ϵ∑

i=1

Ñ_ϵ∑

j=1 A^{(i,ϵ)}_n Ã^{(j,ϵ)}_n + R_{n,ϵ}Ã_n + N_{n,ϵ}Ã_n, ∀n > n_ϵ.

First of all we analyze the rank and the norm of the terms R_{n,ϵ}Ã_n + N_{n,ϵ}Ã_n. We have rank R_{n,ϵ}Ã_n ≤ rank R_{n,ϵ} ≤ N (n) c(ϵ)

(66) and N_{n,ϵ}Ã_n = N_{n,ϵ} Ñ_ϵ∑

j=1 Ã^{(j,ϵ)}_n + R̃_{n,ϵ} + Ñ_{n,ϵ}

= N_{n,ϵ} Ñ_ϵ∑

j=1 LT^m_n (ã_{j,ϵ}, f̃_{j,ϵ}) + R̃^{(j,ϵ)}_{n,m} + Ñ^{(j,ϵ)}_{n,m} +N_{n,ϵ}R̃_{n,ϵ} + N_{n,ϵ}Ñ_{n,ϵ} so that rank N_{n,ϵ}R̃_{n,ϵ} ≤ rank R̃_{n,ϵ} ≤ N (n) c(ϵ), (67) ‖N_{n,ϵ}Ñ_{n,ϵ}‖_2 ≤ ϵ^2, (68) ‖N_{n,ϵ}Ñ_{n,ϵ}‖_2 ≤ ϵ ω(ϵ) √ N (n). (69) Now by using (57) we obtain that

‖N_{n,ϵ} Ñ_ϵ∑

j=1 LT^m_n (ã_{j,ϵ}, f̃_{j,ϵ})‖_2 ≤ ϵ ‖ Ñ_ϵ∑

j=1 ã_{j,ϵ}f̃_{j,ϵ}‖_∞ ≤ ϵ C and ‖N_{n,ϵ} Ñ_ϵ∑

j=1 LT^m_n (ã_{j,ϵ}, f̃_{j,ϵ})‖_F ≤ √ N (n)C ϵ. On the the other hand we have rank N_{n,ϵ}R̃^{(j,ϵ)}_{n,m} ≤ rank R̃^{(j,ϵ)}_{n,m} , (70) ‖N_{n,ϵ}Ñ^{(j,ϵ)}_{n,m} ‖_2 ≤ ϵ‖Ñ^{(j,ϵ)}_{n,m} ‖_2, ‖N_{n,ϵ}Ñ^{(j,ϵ)}_{n,m} ‖_F ≤ ϵ‖Ñ^{(j,ϵ)}_{n,m} ‖_F . (71) Therefore we have deduced that

A_nÃ_n = N_ϵ∑

i=1

Ñ_ϵ∑

j=1 ( A^{(i,ϵ)}_n Ã^{(j,ϵ)}_n + N_{n,ϵ} N_ϵ R̃^{(j,ϵ)}_{n,m} + N^{n,ϵ} N_ϵ Ñ^{(j,ϵ)}_{n,m} ) (72) +R̂_{n,ϵ} + N̂_{n,ϵ}, ∀n > n_ϵ where by (66), (67), (68) and (69) we have rank R̂_{n,ϵ} ≤ 2c(ϵ) N (n), ‖N̂_{n,ϵ}‖_2 ≤ ϵ^2 + ϵ C, ‖N̂_{n,ϵ}‖_F ≤ ϵ(ω(ϵ) + C) √ N (n). At this point it remains to be analyzed the terms A^{(i,ϵ)}_n Ã^{(j,ϵ)}_n + N_{n,ϵ} N_ϵ R̃^{(j,ϵ)}_{n,m} + N^{n,ϵ} N_ϵ Ñ^{(j,ϵ)}_{n,m} . We recall that {A^{(i,ϵ)}_n } and {Ã^{(j,ϵ)}_n } satisfy the assumption of Theorem 5.3 so that A^{(i,ϵ)}_n Ã^{(j,ϵ)}_n ∼_{LT} (a_iã_j , f_if̃_j ) with A^{(i,ϵ)}_n Ã^{(j,ϵ)}_n = LT^m_n (a_{i,ϵ}ã_{j,ϵ}, f_{i,ϵ}f̃_{j,ϵ}) + R̂^{(i,j,ϵ)} n,m + N̂^{(i,j,ϵ)}_{n,m} ∀n > n_{m,i,j,ϵ} where rank R̂^{(i,j,ϵ)}_{n,m} ≤ ĉ^{(i,ϵ)}(m)N (n)( d∑ j=1 n^{−1}_j ),

(73) ||N̂^{(i,j,ϵ)} n,m ||_F ≤ ω̂^{(i,j,ϵ)}(m) √ N (n), (74) ||N̂^{(i,j,ϵ)} n,m ||_2 ≤ Ĉ^{(i,j,ϵ)}, (75) with ĉ^{(i,j,ϵ)}(m) and ω̂^{(i,j,ϵ)}(m) being functions of m with lim_{m→∞} ω̂^{(i,j,ϵ)}(m) = 0 and Ĉ^{(i,j,ϵ)} being constant independent of m. Furthermore, owing to (70) and (71), it follows that { A^{(i,ϵ)}_n Ã^{(j,ϵ)}_n + N_{n,ϵ} N_ϵ R̃^{(j,ϵ)}_{n,m} + N^{n,ϵ} N_ϵ Ñ^{(j,ϵ)}_{n,m} } ∼_{LT} (a_iã_j , f_if̃_j ).

Finally we have to check that N_ϵ∑

i=1

Ñ_ϵ∑

j=1 a_{i,ϵ}f_{i,ϵ}ã_{j,ϵ}f̃_{j,ϵ}

approximates in L^1(Ω_d × Q^d) norm the function κκ̃.

Call p_ϵ = ∑_{Nϵ} i=1 a_{i,ϵ}f_{i,ϵ} and p̃_ϵ = ∑~_{Nϵ} i=1 ã_{i,ϵ}f̃_{i,ϵ}. ‖p_ϵp̃_ϵ − κκ̃‖_1 ≤ ‖p_ϵ(p̃_ϵ − κ̃) + κ̃(p_ϵ − κ)‖_1 ≤ ϵ‖p_ϵ‖_1 + ϵ‖κ̃‖_1 = ϵ‖κ + (p_ϵ − κ)‖_1 + ϵ‖κ̃‖_1 ≤ ϵ(‖κ‖_1 + ϵ) + ϵ‖κ̃‖_1

By joining all the previous relationships we have demonstrated that (72) reduces to A_nÃ_n = N_ϵ∑

i=1

Ñ_ϵ∑

j=1 B^{(i,j,ϵ)} n + R̂_{n,ϵ} + N̂_{n,ϵ}, ∀n > n_ϵ

with {B^{(i,j,ϵ)}_n } ∼_{LT} (a_iã_j, f_if̃_j ) and therefore the claimed thesis is proved.

Remark 5.1 It is worth observing that the additional assumption (55) is always satisfied by a sequence of multilevel Toeplitz matrices {T_n(f)}, generated by f ∈ L^∞ (this is a straightforward consequence of the Szegő theory). Therefore, when the generating functions are bounded, the product of any generalized locally Toeplitz sequence with multilevel Toeplitz sequences is also a generalized locally Toeplitz sequence; in particular, the product of a finite number of multilevel Toeplitz sequences is a generalized locally Toeplitz sequence (we recall that, in general, the product of two Toeplitz matrices is not a Toeplitz matrix).

Example 5.6 (Algebra generated by multilevel Toeplitz sequences) In [23] Tyrtyshnikov proved that the singular values of a finite product of multilevel Toeplitz sequences are distributed as the magnitude of the product of their generating functions, that is

lim_{n→∞} 1 N (n) N (n)∑

j=1 F ( σ_j ( T_n(f_1) · · · T_n(f_p) )) = 1 m{Q^d} ∫ Q^d F ( |f_1(s) · · · f_p(s)| ) ds whenever all the f_i’s belong to L^∞. We can extend it to handle all sequences in the algebra generated by Toeplitz sequences, as follows. Let T_∞ be the vector space of all multilevel Toeplitz sequences {T_n(f)} with f ∈ L^∞, and let A_∞ be the algebra of multilevel sequences generated by T_∞; it is clear that any sequence {A_n} ∈ A_∞ can be written as

A_n = ∑ α ∏ β T_n(f_{αβ}), f_{αβ} ∈ L^∞ (if necessary, one can let f_{αβ} ≡ 1 for some indices α, β, observing that T_n(1) = I_{N (n)} does not affect the product). From Theorem 5.2, Theorem 5.5, and Remark 5.1, we know that, for each α, the sequence { ∏ β T_n(f_{αβ})} is a generalized locally Toeplitz with respect to the kernel κ(x, s) = ∏ β f_{αβ} (s), and hence from Theorem 4.7 we can conclude that lim_{n→∞} 1 N (n) N (n)∑

j=1 F ( σ_j (∑ α ∏ β T_n(f_{αβ} ) )) = 1 m{Q^d} ∫ Q^d F ( | | ∑ α ∏ βf_{αβ} (s) | | | ) ds; concerning eigenvalues, from Theorem 4.10 we obtain lim_{n→∞} 1 N (n) N (n)∑

j=1 F ( λ_j ( Re ∑ α ∏ β T_n(f_{αβ} ) )) = 1 m{Q^d} ∫ Q^d F ( Re ∑ α ∏ β f_{αβ}(s) ) ds,

lim_{n→∞} 1 N (n) N (n)∑

j=1 F ( λ_j ( Im ∑ α ∏ β T_n(f_{αβ}) )) = 1 m{Q^d} ∫ Q^d F ( Im ∑ α ∏ βf_{αβ}(s) ) ds. 6 Applications to discretized second-order elliptic boundary-value problems

In this section we come back to the PDEs given in (8) with the aim of proving that a finite difference discretization of such equations leads to generalized locally Toeplitz matrix-sequences. For the sake of simplicity we start the analysis by referring to the equations in the form (9).

Since the operators of finite differences are linear and the considered PDEs are linear it follows that the matrix A_n(A, P, Wa) considered in the introduction can be decomposed as follows A_n(A, P, Wa) = d∑ i,j=1 Ã_n(a_{i,j}E_{i,j}, P_{i,j}E_{i,j}, a_ia_jE_{i,j}) + A_n(A) (76) where E_{i,j} = e_ie^T_j , (e_k)_t = δ_{k−t} with δ being the Kronecker delta. The matrix A_n(A) denotes the discretization of the first-order differential terms appearing in (9) and Ã_n(B, P, Wa) denotes the discretization of the operator −e^T [B(x)∘H_u]e, for B(x) = (b_{i,j}(x))^d_{i,j=1}, b_{i,j} : Ω_d → C.

Lemma 6.1 Let a_{i,j} be continuous. The sequence {v^{−2}Ã_n(a_{i,j} E_{i,j}, P_{i,j}E_{i,j}, a_ia_j E_{i,j})} with n = (n_1, . . ., n_d), n_j = va_j and a_j ∈ N^+ for j = 1, . . . , d, is a multilevel locally Toeplitz sequence with respect to (a_{i,j}(x), a_ia_jP_{i,j}(s)).

Proof. The matrix v^{−2}Ã_n(a_{i,j}E_{i,j}, P_{i,j}E_{i,j}, a_ia_j E_{i,j}) can be written as D_{n,ai,j} T_n(a_ia_jP_{i,j}) = a_ia_jD_{n,ai,j} T_n(P_{i,j}) where P_{i,j} = p_i(s_i)p_j(s_j ) is a separable polynomial and D_{n,ai,j} = Diag l1 =1,...,m1 Diag l2 =1,...,m2 · · · Diag l_d =1,...,m_d a_{i,j}(l/m). By direct inspection we have {D_{n,ai,j} } ∼_{LT} (a_{i,j}, 1) and by Theorem 5.1 we have {T_n(P_{i,j})} ∼_{LT} (1, P_{i,j}). Therefore by Theorem 5.3 we conclude {a_ia_jD_{n,ai,j} T_n(P_{i,j})} ∼_{LT} (a_{i,j}, a_ia_jP_{i,j}).

Theorem 6.2 Let a_{i,j} be continuous for any i and j. Suppose that the multiindex n = (n_1, . . . , n_d) is such that n_j = va_j and a_j ∈ N^+ for any j. Then the matrix-sequences {v^{−2}A_n(A, P, , Wa)} and {v^{−2}Ã_n(A, P, Wa)} can be expressed as the sum of d^2 multilevel locally Toeplitz sequences.

Proof. Observe that v^{−2}A_n(A) can be written as a term of spectral norm infinitesimal as v^{−1}. Now, it is a straightforward consequence of the decomposition (76) and of Lemma 6.1.

Corollary 6.3 Let a_{i,j} be continuous for any i and j. Suppose that the multiindex n = (n_1, . . . , n_d) is such that n_j = va_j and a_j ∈ N^+ for any j. For any continuous function F with bounded support it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [σ_j(v^{−2} A_n(A, P, Wa))] = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F (| e^T [A (x) ∘ P (s) ∘ Wa]e | |) dx ds, (77)

x ∈ Ω_d = [0, 1]^d, s ∈ Q^d = (−π, π)^d.

Proof. By Theorem 6.2, we know that {v^{−2}A_n(A, P, Wa)} is a generalized locally Toeplitz sequence with respect to |e^T [A(x)∘P (s)∘Wa]e|. The application of Theorem 4.7 concludes the proof.

If A(x) is symmetric, then we arrange the choice of P_{i,j} so that P (s) is a Hermitian, nonnegative definite dyad and consequently the previous formula can be also stated in the sense of the eigenvalues. We proceed as follows. We leave the differential operator in divergence form as in (8) and for any derivative appearing in the differential operator we use the same finite difference formula [12]. To clarify our point we consider a simple example of a centered finite difference formula discretizing the first derivative of a two times continuously differentiable function u (for more details see [18]): ∂ ∂x_t u(x)|_{x=x̄} = u(x̄ + h_te_t) − u(x̄ − h_te_t) 2h_t + O(h^2_t )

so that

∂^2 ∂x_i∂x_j u(x)|_{x=x̄} = 1 h_ih_j [u(x̄ + h_ie_i + h_je_j ) − u(x̄ + h_ie_i − h_je_j )

−u(x̄ − h_ie_i + h_j e_j ) + u(x̄ − h_ie_i − h_je_j )] +O(h^2_i ) + O(h^2_j ).

Now setting n_j = va_j , h_j = (n_j + 1)^{−1} and q(t) = e^^i^t − e^{−^}i^t the trigonometric polynomial generating the Toeplitz sequence associated to the (univariate) formula v^′ (x̄) =^{v(x̄+h)−v(x̄−h)}_{2h} + O(h^2), x ∈ R we deduce that P_{i,j}(s) = −a_ia_j q(s_i)q(s_j ). But q(t) = −q(t) and consequently P_{i,j}(s) = a_ia_j q(s_i)q(s_j ) = P_{j,i}(s) and P_{i,i}(s) = a^2_i |q(s_i)|^2 = a^2_i (2 − 2 cos(s_i)). It is evident that

P (s) = q(s)q^H (s), q_i(s) = q(s_i)

and therefore P (s) is a nonnegative definite dyad of polynomials. Finally P (s) ∘ Wa = [a ∘ q(s)][a ∘ q(s)]^H is the nonnegative definite dyad of polynomials representing the discretization of the operator −H_u = [∇u] · [∇u]^T over G where · is the usual multiplication between matrices but where the product of the entries is the “composition” of the corresponding differential operators.

As a consequence the discretized matrix A_n(A, P, Wa) can be written as A_n(A, P, Wa) = d∑ i,j=1 Â_n(a_{i,j}E_{i,j}, P_{i,j}E_{i,j}, a_ia_jE_{i,j}) (78) where Â_n(B, P, Wa) denotes the discretization of the operator − d∑ i,j=1 ∂ ∂x_i ( b_{i,j}(x) ∂ ∂x_j u(x) )

for B(x) = (b_{i,j}(x))^d_{i,j=1}, b_{i,j} : Ω_d → C.

The following facts are true: F1. Â_n(a_{i,j}E_{i,j}, P_{i,j}E_{i,j}, a_ia_j E_{i,j}) = [ Â_n(a_{j,i}E_{j,i}, P_{j,i}E_{j,i}, a_ia_jE_{j,i}) ]_T if a_{i,j} = a_{j,i}. F2. The matrix Â_n(a_{i,i}E_{i,i}, P_{i,i}E_{i,i}, a^2_i E_{i,i}) is symmetric semidefinite if a_{i,i} ≥ 0 and the matrix Â_n(a_{i,i}E_{i,i}, P_{i,i}E_{i,i}, a^2_i E_{i,i}) is a positive definite multilevel Toeplitz matrix generated by a nonnegative polynomial a^2_i |q(s_i)|^2 if a_{i,i} is the constant function 1 (see Theorems 3.4 and 3.6 of [12]).

F3. ‖v^{−2}(Ã_n(A, P, Wa) − Â_n(A, P, Wa))‖_2 → 0 if v tends to infinity (in particular the spectral norm of the difference goes to zero as ω_A(v^{−1}) = max_{i,j} ω_{ai,j} (v^{−1}) where ω_g(·) denotes the modulus of continuity of g.

Corollary 6.4 Let A(x) = (a_{i,j}(x))^d_{i,j=1} be symmetric and let a_{i,j} be continuous for any i and j. Suppose that the multi-index n = (n_1, . . ., n_d) is such that n_j = va_j and a_j ∈ N^+ for any j and suppose that any derivative appearing in the differential operator (8) is discretized by using the same finite difference formula. Then for any continuous function F with bounded support it holds lim_{n→∞} 1 N (n) N (n)∑

j=1 F [λ_j(v^{−2} A_n(A, P, Wa))] = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F ( e^T [A (x) ∘ P (s) ∘ Wa]e ) dx ds, (79)

x ∈ Ω_d = [0, 1]^d, s ∈ Q^d = (−π, π)^d.

Proof. Owing to F1. and F2. it follows that each A_n(A, P, Wa) is Hermitian. By Theorem 6.2, we know that {v^{−2}Ã_n(A, P, Wa)} is a generalized locally Toeplitz sequence with respect to e^T [A(x) ∘ P (s) ∘ Wa]e. From the relation F3. and by the definition of generalized locally Toeplitz sequence we infer that {v^{−2}Â_n(A, P, Wa)} is a generalized locally Toeplitz sequence as well with respect to the same kernel. Finally by invoking Theorem 4.10 the proof is concluded.

Remark 6.1 Suppose that problems as (8) are given with A(x) being piecewise continuous, i.e. there exists a constant number c of disjoint Peano-Jordan measurable sets Ω_j with Ω_d = ∪^c_{j=1}Ω_j such that the restriction of A(x) over each Ω_j is continuous. In this case it is possible to prove by approximation techniques that the resulting discretizing matrix-sequence {v^{−2}Â_n(A, P, Wa)} is a generalized locally Toeplitz sequence. We notice that under these assumptions the functions a_{i,j} are Riemann integrable as required by the definition of multilevel locally Toeplitz sequences.

Suppose now that the differential problem is defined over a bounded subset Ω^′ of R^d with Ω^′ not necessarily iperrectangular. Without loss of generality we can always suppose that Ω^′ ⊂ Ω_d. If it is not the case a linear change of coordinates leads to the desired inclusion.

Given A(x) defined over Ω^′ we consider its extension Â(x) over Ω_d in the following way: Â(x) = A(x) if x ∈ Ω^′ and zero otherwise.

With these premise it is easy to see that A_n(A, P, Wa, Ω^′ ) is a submatrix of dimension d_n(Ω^′ )×d_n(Ω^′ ) of A_n(Â, P, Wa) while the other rows and columns are zero since the function Â(x) vanishes outside Ω^′ . Therefore, in light of Remark 6.1, the application of Corollary 6.3 yields the following formula: lim_{n→∞} 1 N (n) N (n)∑

j=1 F [σ_j(v^{−2} A_n(Â, P, Wa))] = 1 m{Ω_d × Q^d} ∫ Ωd×Q^d F (| |e^T [Â (x) ∘ P (s) ∘ Wa]e | | | ) dx ds, x ∈ Ω_d = [0, 1]^d, s ∈ Q^d = (−π, π)^d.

i.e.

lim_{n→∞} d_n(Ω^′ ) N (n) 1 d_n(Ω^′ )

d_n(Ω^′ )∑

j=1 F [σ_j(v^{−2} A_n(A, P, Wa, Ω^′ ))] + ( 1 − d_n(Ω^′ ) N (n) ) F (0)

= m{Ω^′ × Q^d} m{Ω_d × Q^d} ( 1 m{Ω^′ × Q^d} ∫ Ω ′ ×Q^d F (| e^T [A (x) ∘ P (s) ∘ Wa]e | |) dx ds ) + m{ ( Ω_d\Ω^′ ) × Q^d} m{Ω_d × Q^d} F (0), x ∈ Ω^′ , s ∈ Q^d = (−π, π)^d. The above formulas are not completely satisfactory because we would like to obtain a formula involving only Ω^′ , d_n(Ω^′ ) and A(x). To do this we use the following lemma.

Lemma 6.5 [17] If Ω^′ is Peano-Jordan measurable (i.e. its characteristic function is integrable in the (multidimensional) Riemann sense), then lim_{n→∞} d_n(Ω^′ ) N (n) = m{Ω^′ } m{Ω_d} = m{Ω^′ × Q^d} m{Ω_d × Q^d} .

By using the latter lemma, we have

lim_{n→∞} 1 d_n(Ω^′ )

d_n (Ω^′ )∑

j=1 F [σ_j(v^{−2}A_n(A, P, Wa, Ω^′ ))] = 1 m{Ω^′ × Q^d} ∫ Ω′ ×Q^d F (| e^T [A (x) ∘ P (s) ∘ Wa]e | |) dx ds x ∈ Ω^′ , s ∈ Q^d = (−π, π)^d. Remark 6.2 The results presented in this section have a theoretical interest in its own in order to understand the spectral behaviour of these matrix-sequences and its relationships with the properties of the continuous problems (8). However another important aspect is of practical nature. The considered analysis provides a theoretical tool in order to devise and to analyze optimal and superlinear preconditioners for the numerical solution of linear systems arising from the discretization of PDEs as (8) by preconditioned conjugate gradient methods (for more details see [11, 12, 13]).

7 Concluding remarks and further applications

The generalized locally Toeplitz sequences are spectrally described by a kernel κ(x, s). Other problems as linear integral equations are spectrally described by a kernel. The question is: is this connection deeper? Can we describe the discretization of linear integral equations in terms of generalized locally Toeplitz sequences?

Let us consider the following problem: find u such that αu(x) + ∫_τ 0 κ(x, s)u(s)ds = f(x) (80)

where 0 < τ ≤ ∞, α ∈ R, x, s ∈ [0, τ ], u, g ∈ C([0, τ ]) and κ ∈ C([0, τ ]^2).

If κ(x, s) is shift invariant namely κ(x, s) = η(x − s), then the discretization of (80) which is now a Wiener-Hopf equation leads to a sequence of Toeplitz linear systems. If in addition α = 0, then we find a kind of equation that models the blurring in image restoration problems with “spatially invariant” kernel [3].

If κ(x, s) is locally shift invariant i.e. κ(x, s) = d(s)η(x − s), then the discretization of (80) is described by linear systems whose n-th coefficient matrix is expressible as the product of a Toeplitz matrix times a diagonal “sampling” matrix: the similarity with locally Toeplitz sequences is remarkable. If in addition α = 0, then we find a kind of equation that models the blurring in image restoration problems with “spatially variant” kernel [3].

There is the open problem of understanding how this can help in the spectral analysis of these matrix-sequences and in the numerical solution of (80) by preconditioned conjugate gradient methods (see [4, 3]).

References

[1] F. Avram. On bilinear forms on gaussian random variables and toeplitz matrices. Probab. Theory Related Fields, 79:37–45, 1988.

[2] R. Bhatia. Matrix Analysis. Springer-Verlag, New York, 1997

[3] R. Chan and M. Ng. Conjugate gradient methods for Toeplitz systems.

SIAM Rev., 38(3):427–482, 1996.

[4] I. Gohberg, M. Hanke and I. Koltracht. Fast preconditioned conjugate gradient algorithms for Wiener-Hopf integral equations. SIAM J. Numer. Anal., 31:429–443, 1994.

[5] U. Grenander and G. Szegő. Toeplitz Forms and their Applications.

Chelsea, New York, second edition, 1984.

[6] P. Halmos. Measure Theory. Springer-Verlag, New York, 1974.

[7] R. A. Horn and C. R. Johnson. Matrix Analysis. Cambridge University Press, 1985.

[8] C. Jordan, Cours d’Analyse de l’Ecole Polytecnique: Vol. I. Gauthier- Villars, Paris, France, 1909.

[9] S. V. Parter. On the distribution of the singular values of Toeplitz matrices.

Linear Algebra Appl., 80:115–130, 1986.

[10] Rudin. Real and Complex Analysis. McGraw-Hill, New York, 1974.

[11] S. Serra. The rate of convergence of Toeplitz based PCG methods for second order nonlinear boundary value problems. Numer. Math., 81(3):461–495, 1999.

[12] S. Serra Capizzano and C. Tablino Possio. Spectral and structural analysis of high precision Finite Difference matrices for Elliptic Operators. Linear Algebra Appl., in press.

[13] S. Serra Capizzano. An ergodic theorem for classes of preconditioned matrices. Linear Algebra Appl., 282:161–183, 1998.

[14] S. Serra Capizzano. Spectral behavior of matrix-sequences and discretized boundary value problems. manuscript, 1998. A preliminary version in TR nr. 31, LAN - Dept. Math., Univ. of Calabria 1998.

[15] S. Serra Capizzano. Korovkin tests, approximation, and ergodic theory.

Math. Comp., under revision.

[16] S. Serra Capizzano and C. Tablino Possio. Superlinear preconditioning for optimal preconditioners of collocation linear systems. manuscript, 1998.

[17] S. Serra Capizzano. Locally X matrices, spectral distributions, preconditioning and applications. SIAM J. Matrix Anal. Appl., under revision.

[18] S. Serra Capizzano and C. Tablino Possio. Representation formulas for Finite Difference discretizations of second order PDEs. manuscript, 1999.

[19] P. Tilli. Singular values and eigenvalues of non-Hermitian block Toeplitz matrices. Linear Algebra Appl., 272:59–89, 1998.

[20] P. Tilli. Locally Toeplitz sequences: spectral properties and applications.

Linear Algebra Appl., 278:91–120, 1998.

[21] P. Tilli and M. Miranda. On the asymptotical spectrum of Hermitian block Toeplitz matrices generated by matrix-valued functions, SIAM J. Matrix Anal. Appl., in press.

[22] P. Tilli. A note on the spectral distribution of Toeplitz matrices, Linear Multilin. Algebra, 45:147–159, 1998.

[23] E. E. Tyrtyshnikov. Influence of matrix operations on the distribution of eigenvalues and singular values of Toeplitz matrices. Linear Algebra Appl., 207:225–249, 1994.

[24] E. E. Tyrtyshnikov. A unifying approach to some old and new theorems on distribution and clustering. Linear Algebra Appl., 232:1–43, 1996.

[25] E. E. Tyrtyshnikov and N. Zamarashkin. Spectra of Multilevel Toeplitz Matrices: advanced Theory via Simple Matrix Relationships. Linear Algebra Appl., 270:15–27, 1998.

[26] H. Widom. Szegö limit theorem: the higher dimensional matrix case. J.

Funct. Analys., 39:182–198, 1980.